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Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

CHUONG 1
HAM SO MOT BIEN SO THUC- GIOI HAN - SU LIEN TUC CUA HAM.

1.1 Ham s6
1.1.1 Pinh nghia ham s6 va cic phwong phap cho ham sd.
1.1.1.1 Cac tap hop sb thuc
e Tap cac sb tu nhién (dugc ky hidulaN)latap cacsd {0,1,2,..}
e Tap cac sd nguyén (dugc ky hiéula Z)latapcacsd {0,+1,+2,...}

e Tap cac sb hiru ty ( duoc ky hiéu 12 Q ) 13 tap cac s c6 dang P ysi p,q (q#0).
q

1a cac s6 nguyén
S6 hitu ty con c6 thé dinh nghia theo cach khéc : s6 hitu ty la cdc s6 thdp phén
hodac thap phan voé han tuan hoan.

Vidu: 23 = 2. L 033333, 20.0) : 0,02323..= 0,0 23)= >
0° 3 990

. 2.1(56) = 2L 4 0,0(56) = 21 4 20 _ 2135
10 10 990 990
2456 567

2,456 ( 567) = 2,456 + 0,000(567) =

+
1000 999000

e SO vo ty: 1a cac s6 thap phan vo han khong thuan hoan : s6 pi ; V2545,
e S6 thyc : 1a tap hop tat ca cac s6 hitu ty va vo ty, duoc ky hiéu 1a
[ ]

Biéu dién so0 thuc trén truc so :

[«m}
o~
<+

v

b

e Khoang sé thyc :
Cac khoang hiru han :
- Khodng m¢ ( sau nay goi la khodng ) : (a, b )- latap cac gid tri thuc x sao
cho a<x<b
- Khoing dong ( sau nay goiladogn ) :[a ,b] - latip cac gia tri thuc x sao

cho a<x<b
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Nua khoang : (a,b ] -latdp cac gid tri thuc x saocho a<x<b

[a,b) -latdpcacgiatri thuc x saocho a<x<b

Cac khoang vo han :

Khoang (a, + ) -latdp cac gid tr1 thuc x saocho a<x

Khoang [a, + ) -latdp cac gid tr1 thuc x saocho a < x

Khoang (-» , a) -latdp cacgidtri thuc x saocho x < a

Khoang (-» , a] -latdp cacgidtri thuc x saocho x < a

Khoang (- , +0) -1a tdp cac giatri thuc x

e Lan can diém : chomodtsd & > 0, x,1a mot sd thuc
Nguoita goi: & -1an can diém x, 1a mot khoang s6 thuc (x0-08,%x9 +3) va
duoc ky hidu 1a Ug(x) , tire 1a bao gdm céc gié tri x : |x—x0| < &
Us(xg) = { x: |x—xo| <8}

hodc Ug(xg) ={ x: xe€ (X0-3,% +38)}

1.1.1.2 Pinh nghia ham s6

Cho hai tdp hop X, Y C R. Néu irng méi sé thue x_ € X ma cho duy nhit mét sé

thwe y €Y theo mét quy ludt f thi khi dé néi rang y la ham sé cia x xdc dinh
trén X
Kihiguf: X—>Y hay XsoxP—y=1f(x) eY hayy=1(x),
trong d6 : X: Tap xac dinh (mién x4c dinh ) ciia ham sb f.
- x € X: d6i s6 (bién sb, bién doc lap ).
- y=1f{x), x eX:ham s (bién phy thudc ).
- f(X)={y €Y: y=1f(x), xeX }: mién gia tri cia f.
Tacéd f(X)cY.

Chu y : néucho ham s6 y = f(x) ma khong néi gi dén mién xac dinh thi hi€éu mién xac
dinh cta ham s0 1a tép tat ca cac gia tri thuc x sao cho khi thay cac gia tri x nay vao biéu

thire ciia f(x) thi déu tinh duoc.

Vidu: y = /1 — x> 1amot ham s6 co mién xac dinh x* <1 hay -1< x < |
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1.1.1.3 Cac phwong phap cho ham sd.

a) Phirong phdp bdng so.

Ham s duoc cho béi mot bang sd c6 hai dong liét ké cac gia tri twrong tng gilta X va 'y

X X1 X2 X3 Xy X5 ... Xp

Yy (W Y2 Y3 Va Y5 ... ¥n

b) Phwong phdp do thi .

Ham s6 duoc cho boi mot tap hop diém trong mit phang toa do ( thuong 1a mot

duong cong trong mit phang ).
Hé toa d6 & day c6 thé 1a hé toa do Pé - Cac vudng goc : Oxy ( hinh 1.a) hodc co
thé 1 hé toa d6 cuc ( hinh 1.b)

v 4 r = o(8)
M(r, @)

L » 0 -

Hinh l.a : Db thi trong h¢ toa do Pé-cac  Hinh 1.b : Db thi trong hé toa do cuc

¢) Phiwrong phdp cho bang biéu thirc:

Ham sb dugc cho bai mot hay nhiéu biéu thirc
Vidu: f(x)=x"+x—3:ham s6 dugc cho boi 1 biéu thirc giai tich.
2x +1 khi x>0 ’ 7
flx)= ool i xeo ham s6 dugc cho bai 2 biéu thirc gidi tich
x
1.1.1.4 Ham hgp va ham ngugec.
a. Ham sb hop
Cho cac tap hop X, Y, Z < R va cac ham sb g2X->Y,f: Yo Z
Khi d6 ham s6 h: X— Z dinh nghia bai : x — h(x) = f(g(x)) duoc goi 1a ham s hop cia
ham s6 g va ham s6 f.
Thuong ky hiéu ham s6 hop h : h(x) = flg(x)] hay h(x) = (f.g)(x).
Chii y : Diéu kién ton tai ham hop cta hai ham g va f1a : mién gia tri ciia g 14 tap con ciia

mién xac dinh ham f,
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Vidu :ChoX ,Y, Z =R, Xétcichamsd: z=fy)=y +2; y=gx)=3x+1
Khidé: z=flg(x))=[gx)]*+2=0Cx+1)*+2
Chu y: f(g(x)) # g(f(x))

Vidu :ChoY ,Z = R ; X=][2,+w)
Xét cac ham s6: f:x>sinx ; g: x> In(x—2)

Khi d6: f(g(x)) =sin(In(x-2)) ; g(f(x)) = In(sinx -2): khong ton tai vi sinx -2 <0

b. Ham s6 nguoc
Cho hai tap sé thue X va Y ,cacgiatri x e X va ye Y c¢6 quanhéhamsd y=f(x)
(ttre 14 v&i mdi x cho tuwong tmg duy nhat mot gia tri y), néu quan hé nay ciing duoc biéu

dién dudi dang x laham cua y, ticla y=fix) <=> x = ¢(y) thiquy luat ¢ 1a nguoc

ctia quy luat f. Khi d6 néi rang ham sé f véi tap xac dinh 1a X va tap gia tri Y s& co6 ham
nguoc , duge ky hiéu 1a £, nhw vay quy luat £ chinh ld quy ludt .

Vidu :Cho ham sd y=f(x) = x” voitip xac dinh X=[0,2]vatip gidtri Y = [0, 4]
khi d6 v&i mdi giatriy € Y déu cho duy nhat mot gia tri x = \/§ € [0, 2], nhu vay
x= o(y) = \/§ = = otacla f(x) = Jx vei tap xac dinh 1a[0,4] vatap
giatrila [0, 2].

Chuy
e Dé co ham sé nguoc thi ngoai quy luat f con can phu thudc vao cac tap xac dinh va
tap gid tri
Vidu : Choham séy=1(x)= x> voitdpxacdinh X = [-1,2]vatdpgidtriy
= [0, 4], khido néu y= 0,09 thiséco2 gia tri x tuong ung lax; = -0,3 va x,=0,3,
nhu vy x khong thé 1a ham cua y, do d6 quy luat ham f (x) = x> véi cac tap xac dinh va
tap gia tri trén s€ khong c6 ham nguoc.
e Néu ham y = f(x) dong bién hoic nghich bién trén (a , b) thi f{x) dugc goi 1a don
diéu trén (a, b)
e Néu y= f(x) don diéu trén (a, b) thi s& ton tai '
e Do thiham sé y=f(x) va y= f'(x) dbi xting véi nhau qua dudng phan giac cia

goc phan tu thir nhat trong hé toa do dé - cac Oxy
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1.2 Cac ham so so cip
1.2.1 Céc ham sé so cdp co bin
- Ham luy thtra: y=x" (a0 € R)
- Hamsémii:y=a*(a>0,a#1).
- Ham logarit: y=log,x (a>0,a#1).
- Ham luong gidc: y = sinx, cosx, tgx, cotgx.

- Ham luong gidc nguoc: y = arcsinx, arccosX, arctgx, arccotgx.

1.2.1.1 Ham luy thwra: y=x" (a.€R)
Mién xac dinh ciia ham phy thudc vao sé mii o, nhung véi moi o ham sé ludn xac
dinh véix > 0.
Vidu: y=x"mién xac dinh vi moi x thudc R.
y = /x mién xé4c dinh Vx > 0.
y= x"' mién x4c dinh Vx #0.

y=x mién xac dinh v&i moi x thuc R

Tinh chat: Xét trén mién [0,+o0)

X 0 +o0

y=x",a>0 /+w
0
y=x",a<0 |+
 } 0

Do thi mot s6 ham lity thira:
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1.2.1.2 Ham mii: y = a" (a>0, a#1)

Mién xac dinh: R
Mién gia tri: R*

+ Dong bién voia> 1

+ Nghich bién véia<1

X -00 +o0
y:ax,a>] /'—’_OO
0
— X a<] +o0
y_aaa \O

Do thi ham mii

y=a", Dca<l ¥

0

1.2.1.3 Ham sd logarit: y=log,x (a>0, a=1).

Mién x4c dinh: R, , 0 +00
Mién gia tri: R y=logx ; a>1 +o0
+ DPong bién véia> 1 _OO/
+ Nghich bién vé1a<1 y=log,x ; a<l T o
 ; 0
1_'!" &
v=log, x; ax>1
X
a 1
v=log, . U<a <l

Ham y = log,x c6 ham nguoc 1a ham y = a*. DJ thi hai ham sb d6i xtmg nhau qua duong

thang y = x.
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1.2.1.4 Cac ham lwgng giac (ham vong ) va cac ham lugng giac nguwgce (vong nguge )

a) Hamy =sinx va y = arcsinx.

Ham y = sinx
-Mién xac dinh: R

-Mién gi4 tri: [-1,1]
-Tinh chat:
+) Ham 1¢, tun hoan chu ky 27

+) Don diéu tdng trén {—%,%}

Ham y = arcsinx
Xét ham y = sinx voi tap xac dinh

{—%ﬂ 14 mot ham don diéunén 3 ham

nguoyc : y = arcsinx
-Mién xéc dinh: [-1,1]

-Mién gia tri: Tz
2 2

-Tinh chat: Don diéu ting

YA
1|-"===- o .
A1 Ty —
-1 ! ) ¥ = 3InX

— T 2 .".lllr i I“'l.

' i 10 »

Y i er_.- E T X

oo A 2
R R
-1

b) Ham y = cosx va y = arccosx.

Ham y = cosx

- Mién xac dinh: R
- Mién gia tri: [-1,1]
-Tinh chét:

+) Ham chin, tuan hoan chu ky 27

+) Don di¢u gidm trén [0, 7|

"_I,-'.ﬂ.

1

|

!
e
I
0
=]
7]
"

oy

| ¥ = arcsinx

\ g

Ham y = arccosx
Xét ham y = cosx vdi tap xac dinh [0,7] , 1a mot
ham don diéu nén 3 ham nguoc : y = arccosx
-Mién xéc dinh: [-1,1]
-Mién gia tri : [0,7]
-Tinh chat: Pon diéu giam

Y

Y = arccosx

a2 f-mmm e —— o

=

7

Bién soan : Vi Khic Biy — B¢ mén Toin PHLN



Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

¢) Hamy =tgx vay = arctgx.

Ham y = tgx

- Mién xac dinh: R\{g-ﬁ-kﬂ? , k=0,4_r1,4_r2,...}

- Mién gia tri: R
-Tinh chat: +) Ham ¢, tudn hoan chu ky n

+) Don diéu tang trén (—%,%j

+) Tiém can ding x = g+kn , k=0,+1,+2,...

Ham y = arctgx
- Mién xac dinh: R

- Mién gia tri: Lz
2 2

-Tinh chat: Pon diéu ting

‘A A T
- Tiém can ngang yZ-E va y=

T
2

| E ¥ A .'I i Y a
/ y=tge %_. ____________
E f E « y =arctgx -
e £ 7
/
d). Ham y = cotgx va y = arcotgx
Ham y = cotgx (‘hodcy = ctgx) Ham y = arccotgx
- Mién x4c dinh: R \{kn, k=0,£1,+2,..} |- Mién x4c dinh: R
- Mién gia tri: R - Mién gid tri: (0,7)
-Tinh chat: -Tinh chat:
+) Ham 1¢, tuan hoan chu ky © +) Pon diéu giam
+) Pon diéu giam trén (0, n) - Tiém can ngang y=0 va y=n
+) C6 céc tiém can dung : x = k7 voi
k=0,+1,£2,...
v 4
v 4 e
". | -
v = cotgx E\\ — ““: _____________________
i \ | ¥ =arccotax
; . s |
\ 0 % ﬂ: X é - _
|
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1.2.2. Cic ham so cip :

e Ham s6 so cip laham co6 duoc tir cac ham s so cdp co bin va cdc hing s6 qua mot
sO hitu han cic phép toan tong, hiéu, tich, thwong va ham sé hop

e Céc ham s6 khong phai 13 cac ham so cip dugc goi 13 cac ham siéu viét :
Vidu: y=|x| -1aham siéu viét vi né khong biéu dién duoc qua cac ham so cip co

ban nhd céc phép toan tong, hiéu, tich, thwong va ham hop

1.3 Giéi han ham s

Nghién ciru gidi han ciia ham s y = f(x) 14 nghién ciru qua trinh bién thién cia gia tri y
khi gia tri cia d6isé x — a (hiru han ) hodc khi x — oo. Trong hai qua trinh bién thién
ctia ddi s6 x nhu trén thi gia tri ciia y ¢6 thé tién dén gia tri L (giéi han hiru han) hoc tién

dén oo (gidi han vo cuc), hodc khong co gidi han ( 3 gidi han)

1. 3.1 Cdc dinh nghia vé giéi han ciia ham sé

1. 3.1.1 Giéi han hiru han ciia ham s6 khix — a

Pinh nghia : Gia st ham s6 y = f (x) xac dinh trong ldn cdn ciia diém a (c6 thé khong
xac dinh tai a ). Gi4 tri L duoc goi 13 gi6i han cua f(x) khi x dan t6i a (ky hiéu

lim f(x)=L )néu: V &> 0 (nho bao nhiéu tiy y) s& luén 38 >0 dé cho

Vx 1 0<[x—al<§ thicoduoe |f(x) —L|< ¢

Nhin xét: Néu ham so cép f(x) x&c dinh tai a va trong lan cén cua a thi lim f(x) = f(a).

1
3 in—  khi 0 .
Vidu:choham fx)=4> " "% ™ *7% " Ching minh lim £(x) = 3
1 khi x =0
» Theo dinh nghia khi cho trudc &> 0 ta phai tim duwgc mot s6 8 >0 dé

Vx:0< |x—a|< & thi co duoc |f(x) - 3| < ¢ . Pé thyc hién duoc didu nay ta xuét

phat tir diéu kién phai théa man (1) thcla | f(x) — 3| < & <=> |3 + xsint - 3| <
X

1
sin —
X

1
Xsin—
X

g <=> <e<=> [x|. <e <= [l<e<= |x -0 <&@, vivay

taldy 8 = ¢.Nhu vay
véi €>0 cho trude, ludn 38 = & >0 décho Vx:0<|x—0/<3 khidé s& théa man (2)

vi vy s€ thoa man (1). Do vay theo dinh nghia lim0 f(x)=3
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1.3.1.2 Giéi han v6 cuc ciia ham sé khix — a
Pinh nghia : Gia st ham s6 y = f (x) x4c dinh trong ldn cdn ciia diém a (c6 thé khong
xac dinh taia ).
e Ham f(x) dugc goila gidihan +oo khix dan téia (ky hiéu lim f(x) = +o ) néu:
VM >0 (16n bao nhiéu try ) s& luén 33>0 décho Vx : 0 <|x—d|< & thico
duoc f(x) > M
e Ham f(x) dugc goila gidi han -oo khix dan t6i a (ky hiéu lim f(x) = —o0 ) néu:
VM <0 (nho bao nhiéu tiyy)séluén 38 >0 dé cho
Vx 10 <|xr—d|< 8 thico duge f(x) < M

1.3.1.3 Gi6i han hiru han ciia ham s6 khi x— o

Dinh nghia :

e Giasrhamsby=f(x)xdcdinh V x>a .Gidtri L dugc goila gidi han cia f(x)
khix dantéi +oo (kyhiéu lim f(x) = L) néu: V¥ &>0 (nhotuyy cho
X —> +00
trude), luénI N>0de Vx>Nthi |f(x) - L] < &
e Giasrhamsdy=1f(x)xdcdinh V x <a .Giatri L duoc goila giéi han ciia fix)

khix dantéi -oo (ky hiéu lim f(x) = L) néu: Ve&>0(nhotuyy cho
X —>—0©

trude), luon3I N< 0dé Vx <N thi [f(x) - L|< ¢

1.3.1.4 Gi6i han vd cuc ciia ham s6 khi x— oo

Dinh nghia :

e Gia sir ham s6 y = f(x) x4c dinh tai ¥ x >a . Ham f(x) duoc goi 1a c6 gi6i han vo

cuc khix dan téi +oo (ky hiéu lim f(x) = o) néu: VM>0(lén tuyy
X —> +00

cho truéc) , luon3 N>0de Vx>N thi [f(x) |> M
e Gia sir ham s6 y = f(x) xac dinh tai V x < a . Ham f(x) duoc goi 1a ¢ gi6i han vo

cuc khix dan t6i -oo (ky hiéu lim f(x) = o) néu: Vv M>0(16n tuyy cho

truée), luénI N>0de Vx<N thi |[f(x) |> M
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Quy wée :  Khiphat biéu ” trong qud trinh nao ddy" thi ta hiéu d6 1a qué trinh cia déi

sO x — Xy hitu han , hodc x — ©

1.3.2 Gioi han mgt phia
1.3.2.1 Gi6i han phai.
Xét gidi han ciia ham s6 f(x ) khi x — a va lu6n thoa man x > a. Néu gi6i han d6 ton
tai ( duoc ky hiéu 1a f(a+0) hodc f(a") ) thi goi 1a gidi han phéi cia ham f(x ) (khi x
dan ti a tir bén phai)
Ky hiéu: 1121 f(x) = fla+0) hay xliglgo f(x) =fa+0)
1.3.2.2 Gi6i han trai
Xét gidi han ciia ham s6 f(x ) khi x — a va lu6n thoa man x < a. Néu gi6i han d6 ton
tai ( duoc ky hiéu 13 f(a - 0) ) thi goi 1a gidi han tréi ciia ham f(x ) ( khi x dan téi a tir
bén trai)

Ky hi¢u: lim f(x) = f(a-0) hay lirr_l0 f(x)=fa-0)

[

Vi du: Tim gidi han mot phia ciia ham sd f(x) == khi x—0
X
. . X . . —X
Iimf(x)=lim—=1 lim f(x)= lim —=-1
x—>0+ x—>0+ X x—0— x—>0— X

Dinh Iy: Diéu kién can va du dé lim f(x)=L lafa+0)=fla-0)=L

1.3.3. Tinh chit vé giéi han

(1)  Giéi han ciia ham hang bang chinh no trong moi qua trinh limC = C
(2)  Gidi han ciia ham sb néu c6 1a duy nhét

(3)  Néu f(x) > 0 trong lan can diém a va lim f(x)=L thiL >0.
(4)  Giasir: lim £(x)= L. Khi d6 ta co dugc cac két luan sau:

e f(x) bi chdn trong mét lan can cua a.
e Néu L >0 thi f(x) > 0 trong mot 1an can du nho cua a.

e Néu L <0 thi f(x) <0 trong mdt 1an can du nho cua a.

n — o
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Chii y: Néu chi ra dugc hai ddy {u,} va {v,} —a ma lim f(u,) # lim f(v,) (hodc
n —> oo n —> oo

khong ton tai chi mot trong hai gi6i han trén) thi 3 lim f (x)
X—a

1.3.4. Cdc phép todn vé ham cé giéi han
Pinhli1: Gia su: lim f(x)=L,, limg(x)=L,. (L; va L, 1a hiru han ), khi d¢ ta co:

o lim(f(x)£g(x)=L +L,
o lim(f(x)g(x)=LL,

lim@ = 4L (néu g(x) #0 va L, #0)

e g(x) L,
Pinh li 2: (Gi6i han ham hop) Xét ham sb hop y = f(u(x)). Néu ton tao gi6i han hitu
han: limu(x)=>, lirrblf(u) =L, thi lim f(u(x))=L.
Vi du: 1irr}1sin(5x +1) =sin16
Chu y:

e Ca hai dinh li trén chua khang dinh duoc trong cac trudng hop sau (vé mat hinh thirc):

+ L +L,=00—00

+ L.L,=0.00
s B 0 s bl
L 0 L

e Khi tim gidi han dang lim[f(x)]g(x) thi ta gap cac dang:

L"=1"hodc L"”=0"hodc L"=0"
Céc truong hop trén goi la cdc dang vo dinh.
Khi gap céc dang v6 dinh do, mudn biét cu thé phai tim cach dé khir dang vo dinh. Sau day

s& 1a mot sd két qua co ban cho phép ta ¢ thé khir dugc cac dang vo dinh do.

1.3.5 Hai tiéu chudn ton tai gidi han
1.3.5.1 Tiéu chun 1: (Nguyén Iy kep gidi han)
Pinh li: Gia sir 3 ham sd: f(x), g(x), h(x) xac dinh tai 14n can cia diém x = x,
(khong can xé4c dinh tai x, ) va thoa man: f(x) < g(x) < h(x) V x thudc lan céan

cta a. Khi d6 néu lim f(x) =limh(x)=L thi limg(x)=L.
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Ap dung: Tu dinh li trén, nguoi ta chimg minh duoc cong thire gidi han co ban:

sinx

lim =1
x—0 X
Vidg: Tinh lim 20F€)
X—>+00 x

(Goiy:e" < 1+e" < 2" = x = Ine" <In(l+e" )< In2e* = In2 + x

In(1+¢") - In2

X X

= ] < +1

Sau day 1a mot s6 vi du ap dung két qua trén.

1) 1im & cpim S L S Ly,

=0 x =0 x  cosx Y X xo0 CcOSX

2

2sin® = sin —
. l-cosx .. . 1
2) lim =lim S =lm—.| —= | =—;
x—0 X x—0 4 X x—0 2 E 2
4 2
. sinmx . sinmxX mx nx
3) lim = lim — =

m
=0 ginnx 2 mX nx Sin nx n

1.3.5.2 Tiéu chuén 2:

Pinh li : Gia st ham s6 f(x )xac dinh trén R.

e Néu f(x) don diéu ting va bi chin trén thi ton tai lim £(x).

X—>+00

e Néu f(x) don diéu giam va bi chan dudi thi ton tai lim £(x).

- Ham f(x) dwoc goi la don diéu ting (hodc don diéu giam ) trén khodng (a , b) néu
Vx,< X, € (a,b)thi f{x) < fix2) ( hodc fx) > fix)

- Ham f{x) dwoc goi la bi chdn trén ( hodc bi chin duwdi) trén khodng (a, b) néu IM dé
09 <M (hodeft) > M) Vx e (a,b)

. 1Y
Ap dung:  Xét ham f(x) :(1 + —j , ham f(x) 1a ham don diéu tang khi x — 4+ va
X

f(x) <3 =>bichan trén,dodéo 3 lim (1 + lj =e, elamotsd vo ty,co giatrie = 2,78

X—>% X
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Nhan xét:
1

e Tir gi6i han ciia s6 e taclingco lim (1+ )" =e
o—0
e C6 thé van dung gidi han trén dé tinh gii han c6 dang 17

Xét lim[u(x)]v(x) voi limu(x)=1; limv(x) =00 khido co

[0y
. v(x . u(x)-1 . 1lv(x lim {[u(x)-1].v(x)}
lim[u(x)] ® =lim {[1+ (u(x) - 1] } = lime"® O = g
Vi du: Tinh cac gi6i han :
-x 2 —x) 2
: 2\ .. 2): 212
(1) hm(l——j zhm(l——j = lim (1——) =e’;
X—>00 x X—>00 x X—>00 x
247
5 2 P4l 2 2 R e
. [(x =1 ) 2 2 2 2
2) lim| = =lim| 1-— =lim| | 1-— =e’;
e\ 41) e x4l e

1.3.6 Mot s6 cong thire giéi han co ban

Cdc cong thirc gioi han sau dwoc suy ra tir cdc hai cong thvrc gioi han co ban trén.

. . tex . . l—cos 1
lim I; hmg—zl ; lim l; hm—zx:_
x—0 X x—0 X x—0 X x—0 X A2

sinx arcsinx

X—00 X a—0 x—0 X x—0 X

X 1 X _ X _
lim(l+lj =lim(l+a) =¢; lim< 1:1; lim % lzlna;

hmwza, 1imM:1
x—0 X x—0 X

1.4 Vo cung bé va vo cung
1.4.1 Vo cung bé.
1.4.1.1. Dinh nghia: Dai luong a(x) dugc goi la mot vo cung bé ( VCB ) trong qua

trinh nao d6 néu trong qua trinh a4y lima(x)=0

Vidu: sinxla VCB khix—0 ; x* 12 VCB khi x—0 ; 1 la VCB khi x— o

X
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Nhdn xét:
+) N6i VCB phai gan vao mdt qua trinh cy thé ctia d6i sb x.
+) Mot s6 o gid tri tuyét dbi bé bao nhiéu ciing khong 13 mot VCB.
+) S$6 0 1a VCB trong moi qua trinh.

1.4.1.2 Tinh chit:

e Tong, hiéu, tich ctia hiru han cac VCB trong ciing mot qua trinh sé 1a 1 VCB

trong qua trinh y.
Tc 1a: néu o, (x); o, (x); .50, (x) lacac VCB
thi: o, (x) £ o, (x)+ .20, (X) va o,(x). a,(x).....a, (x) 1a cac VCB.

e Néu trong cing mdt qua trinh ndo dé o(x)1a 1 VCB, ham f(x) 1a mot ham bi

chin thi ciing trong qua trinh 4y o(x).f(x)ciing 1a mot VCB.

( ham f(x) duoc goi 1a bi chan trong qua trinh nao d6 néu 3 M dé |f(x)| <M trong qua

trinh ay)
, . . ) 1
Vidu : Ching minh: lim x.cos— =0
x—0 x2
Gidi: Khi x dan t¢i 0 thi ta c6 x 1a moét VCB. Mit khac COS% <2 tudosuyra
X
) 1
lim x.cos—2 =0.
x—0 X

1.4.1.3. So sanh hai VCB.
Gia str ou(x) va B(x)la cac VCB trong ciing mot qua trinh. Néu trong qua trinh Ay ton tai
lim &) _  thi khi do:

B(x)

e Néu k=0 thi a(x)la VCB cap cao hon B(x)trong qua trinh Ay.
e Néuk=1thi a(x)va B(x)lacic VCB twong duong, ki hidu: ou(x) ~ B(x).

15
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e Néu k #0,k #1(k- hiru han) thi au(x)va B(x)la cic VCB ngang cép
e Néu k =oothi B(x)1a VCB capthap hon o(x)

Néu khong ton tai k, thi a(x)va S(x)1a hai VCB khong so sanh dugc.
Vi du:

(1)  sinx ~ x khi x>0 do lim>> = 1.

x—0 X
(2)  tg5x vasin2x 1a VCB ngang cap khi x — 0 do
.t .t 2
hm.gi = hmﬁ. - al .5 = >
=0sin2x 0 S5x sin2x 2 2

(3) 1 -—cos4x 1a VCB béc cao hon ¢*—1 khi x — 0 do:

x—>0 e3x _1 x—0 e3x — 1 x—>0

. 1-cosdx .. 2sin’2x . (sin2x) 3x 4x
lim =lim = lim2 ; )
2x e’ -1 3x

(4)  In(1+2x)1a VCB c6 béc thap hon /1+x* —=1khi x — 0 do:

2
i In(1+2x) limln(1+2x) X | 2x _2 .

0 /1+x2_1:,ﬁo 2x .(1+x2)5_1.x2

(5)  xsin— vax la hai VCB khong so sanh dugc khi x — 0 do khong ton tai gioi

X
1
Xsin—
) X o1
han: lim = limsin—.
x—0 X x—0 X

1.4.1.4. Cac cap VCB twong duong co ban.
* sinx ~x (khi x— 0)
= tgx ~x (khi x— 0)
» arcsinX ~X (khi x— 0)

= arctgx ~x (khi x— 0)

= (e*-1)~x (khi x—>0)
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= (a*—1)~xIna (khi x—0)

. ln(1+x)~x (khi x— 0)

. loga(1+x)~ﬁ (khi x— 0)

. (1+X)a—l~OLX (khi x— 0)

= (1-cosx) ~ (khi x— 0)

N | %,

3
- (x-sinx) ~ % (khi x— 0)

3

= (tgx—-x) ~ X? (khi x— 0)
Gia st limu(x)=0. Khi do, tir bang trén ta c6 duoc

X—a

u’(x)

(u(x)—sinu(x)) ~ (khi x—> a)

(te(u(x) - u(x) ~ “3?‘) (khi x> a)

1.4.2 Vo cung lon.
1.4.2.1 Pinh nghia: Ham s6 a(x) dugc goi 1 mot vo cung 16n ( VCL ) trong qua trinh
x—Xo (hiru han hodc vo ciing) néu lim a(x) = «

Vi du: x’ 14 VCL khi x— o nhung x° khong 1a VCL khi x—1.

l_ 13 VCL khi x—2.
x—2

Nhdn xét: Khinoi t6i VCL phai gin vao mot qua trinh cu thé ciia ddi s6.

1.4.2.2 Lién hé giita VCB va VCL

Néu trong mot qua trinh ndo d6 or(x)1a mot VCB thi ciing trong qué trinh 4y la mot

a(x)

VCL. Nguoc lai, néu a(x)1a mot VCL thi ciing trong qu4 trinh y la mot VCB

o(x)

Vidu: x 1a VCB trong qué trinh x — 0 thi ylc_ la VCL trong qua trinh x — 0.
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1.4.2.3 Quy tiic so sainh hai VCL
Gia str a(x); B(x) 1a cac VCL trong ciing mdt qua trinh. Néu trong qua trinh Ay ton tai

lim w = k thi:
B(x)

- Néuk =0 thi o(x)1a VCL cap thap hon f(x)

- Néuk =1 thi a(x)1a VCL tuong duong f(x).

Néu k #0;k #1 thi a(x), B(x)1a cac VCL ngang cap.
- Néu k =oothi a(x)la VCL cap cao hon g(x).

Néu khong ton tai k thi a(x), B(x)la cac VCL khong so sanh dugc.

! 1a VCL ngang cap véi

X
x—2 Vx+2-2

Vidul: Khi x — 2thi

|
volimex=2  — im¥**272 x=2 _1
H T ) T ) (eae) 8

vi lim————— = lim
X—>+00 X +1 X—>+00 1

Vi du 3: Khi x — 400 thi 3x* 1a VCL tuong duong vé&i 3x” +2x+1

3+2+1
\ £ 1
vi lim3x+—23x+1: lim%:%:l.

X—>+00 3x X—>+00

18
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1.4.3 Ung dung ciia VCB va VCL trong viéc tim gidi han dang vé dinh %;2 .
o0
1.4.3.1 Quy tic thay thé VCB (VCL) twong dwong
Giast o(x), a (x) lahai VCB (VCL) tuong duong khi x—x (x— o )
B(x), P (x)lahai VCB(VCL) tuong dwong khi x—X, (x— o0 )

Khi d6: lim 2 _ i S

S Bx) o B(x)

lim(a.(x)B(x)) = lim &(x)B(x)
Vidu I lim sinSx _ lims—x _ é

0 17X =07x 7

In(1+3x° 3

Vi du 2: lim ( ) = lim — _6

=0 (1—cos5x)sinx = (5x)2 . 25

. t—e" e—-1 . e"-l1 . .- I 1
Vidu3: hme.—e:hme ~ lim& = lim——— lim— = —4— =1

=0 aresin(2x) =0 2x =0 2x =0 2x =0 2x 202

1 i
J1+x° — 5

Vidu 4. lim al SEE

e Chi dugc thay thé cac VCB tuong duong trong cac dang tich va thuong. Khong
dugc thay thé trong cac dang tong va hiéu.
e Khi tim gi¢i han véi qua trinh x—>a,a=0, ta c6 thé doi bién t = x — a, dé chuyén

qua trinh x—a bang qua trinh /—0 vi trong qua trinh nay ta ¢6 nhiéu dang

VCB tuong duong.
x.( ! x%)
—si tgx(1—cos s
Vidg5:  lim @S U 0sY) Tl L
x—0 X x—0 X x—0 X 2

Nhu vay, 1 rang trong vi du nay ta khong thé thay thé rgx—sinx béi x — x = 0.
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sinmx

Vidub6: lim Trong bai niy, ta khong thé thay simmx bang mx vi

=7 §innx

mx—mr , mr=0.DEtiép tuc ta co thé d6i bién: Patx =t+ x, khi x—x, t—0. Khi do:

. _ m . _1 m-n _1 m-n
I:hms1'nm(t+7r) zlim( 1) s1n(mt): . (-1) mt:( ) m
oz sinn (t+7) =0 (-1)"sin(nt) ° nt n

1.4.3.2 Quy tic ngit bé ciac VCB cép cao

Gia sur trong cung mot qua trinh nao do co cac dai luong VCB o, (x); a,(x) ;...; o, (x) va

B.(xX) ; B,(X);..; B, (x).Khi do:

o, (x)+a,(x) +...+a, (x) i a(x)

im =lim=
B (x)+B,(x) + ...+, (x P(x)

trong d6 a(x);B(x) 1a cac VCB cap thap nhat & tir thirc, mau thirc
( chi ¥: so sanh véi toan bo tir thire, toan bd mau thire).
Ap dung: Tinh cac gidi han sau:

x+sin® x+1g’x

Vidu I: lim Sk &
=0 2x+3x" +5x

Giadi: Trong qua trinh x—0, ta co:

e sin’x = X°; tg'x~ x’. Vayxla VCB c6 bac thip nhat trén tir thirc.

e 2x 14 VCB c6 bac thap nhat dudi mau thirc.

x+sin’ x+tg3x_1. x

. , ) 1
Theo qui tac ngat bd VCB bac cao, taco:  lim - - =
=0 2x4+3x"+5x° 0 2x 2

arcsin Sx+sin’ 7x

Vidy 2: lim—; :
0 fg x+1n(1+7x)

Giai: Trong qué trinh x—0, ta co:

. -2 2
e arcsinSx = 5x , sin“7x = (7x)
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o tg’x=~ x* , In(1+7x) = 7x

Vay arcsin5x 1a VCB ¢6 bac thap nhat trén tir thirc va In(1 + 7x) 1a VCB c¢6 bac thap nhat

duéi mau thirc nén theo qui tic ngit bo VCB bic cao ta co:

. arcsinSx+sin’ 7x . arcsinSx . 5x 5
lim . = lim——— = lim—=—.
=0 g’x+In(1+7x) 0 In(1+7x) 0 7x 7

_ x3+(e“‘ —1)2 +(cos2x—1)2
Vidu 3: lim .
" % Barig’x+In(1+7xsinx)

Giai: Trong qué trinh x—0, ta co:

2
J (ex—l)2 ~ x°; (cos2x- 1)’ = [%(2)()2) = 4x*

. 3arctg3x ~ 3x’ ; In(l + 7xsinx) = 7xsinx =~ 'S

Vay (e ~1),In(1+ 7xsinx) lan luot la cac VCB bac thap nhit trén tir thire va dudi mau
thue. Vay:
x3+(ex —1)2 +(cos2x—1)2 _ (e“‘ —1)2 2 1

3 - =lim _ =lim—=—.
=0 Barig’x+In(1+7xsinx) =0 In(1+7xsinx) =0 7x* 7

tg(sin2 x)+x1n(1 +2x)+x°

Vidu 4. lim :
=0 (J144x° —1)+(x—sinx)

Giai: Trong qua trinh x—0, ta co:

o tg(sin’x) = sin’x = x> ; xIn(1+2x) = x.2x = 2x°
u 3
o Jl+ax® —1=(1+4x2 -1 z%4xz=2xz ; x—sinxz%

Vay tg(sin’x) va xIn(1 + 2x) 1a hai VCB cuing bac va c6 bac thap nhat trén tir thirc.

J1+4x> —11a VCB ¢6 béc thap nhét duéi miu thie. Do vay:
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limtg(sinzx) + xIn(1+2x) + x° _ limtg(sin2x)+xln(1+2x)

S0 (44 -1+ (xmsinx) 0 (1+4x - D)

tg(sm x) b xln(1+2x) i x> x(2x)

1
= A PO G A
r~>0( /1+4x _1) r~>0( /1+4x 1) xlg)l; 4 ) + 33)1;(4x2) > +

1.4.3.3 Quy tic ngit bé VCL béc thap.

Giast o,(x), o,(X),..., o _(x) vaB,(x),B,(X),..,B,(x) lacic VCL trong cing

o,(x)+a,(x)+...+a_(x) im a(x)

mot qua trinh. Khi d6: lim —
B, (x) +B,(x) +... +B,(x) P(x)

trong d6 a(x) ; PB(x) la cac VCL cap cao nhét ¢ tir thirc va mau thirc.
Chuy:

e Da thic P(x) =ax" +a x"'+.+ ax + a,,&ddyk n nguyén duong, a
hang s0, a, khac 0. Trong qua trinh x>+ oo thi: Py(x) =

e Khix— +o ,taco thé xip xép cac VCL sau theo thir ty bac cao dan nhu sau:
trongdo (o,>o,>0; a,>a, >I)
Ap dung: Tinh céc gi6i han sau:

3 3
VidgI:  lim—2X 475 2% o)

x50 xd +6x% —8x—1 xow x°

4
Vi dy 2: limn(n+1)4(n+22)(n+3)—lim n L
ne 3n'+2n" +1 e 3

\/n +1- \/n +2 \/n +1 \/; .1

Vidu 3: lim =lim = lim

na+oo\/n +1+\/n +2 na+oo\/n +2 n~>+oo‘\/; na+oon_%

=0
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Vidu 4: lim 3 +4 =1lim 4
w0 DY 4 547 e 5 47

X 3 X
Vidgs:  lim—o X MYy 31
o +2Inx—53 —53 5

1.5 Ham so lién tuc

1.5.1 Ham sé lién tuc

1.5.1.1. Lién tuc tai mot diém.
Gia sir ham s6 f{x) x4c dinh tai x, va trong lan can cia X,.
Ham s6 f(x) goi 14 lién tuc tai x,néu lim £(x) = £ (x,) -
Khi d6 diém x, goi la diém lién tuc ciia ham sd fi(x).
Vi du: {(x) = sinx lién tuc trén R.

f(x) = ;2 khong lién tuc tai x =2 (vi f(x) khong xéc dinh tai x =2)
x —

Két qud can nhé : Ham so so cap lién tuc tai moi diem ma no xac dinh

1.5.1.2 Lién tuc mgt phia.
+ Lién tuc phai: Néu lim f(x) = f(x,) thif(x) goi la lién tuc phai tai x,.

+ Lién tuc trai: Néu lim f(x) = f(x,) thi f(x) goi 1a lién tuc trai tai x,.
Pinh ly: Ham s6 f(x) lién tyc tai x, khi va chi khi lim f(x) =lim f(x) = f(x,)

Vi du 1: Xac dinh a dé ham so lién tuc trén mién xac dinh cua no6:

2¢e" khi x<0

) f(x)=
a+2x khi0<x
1—cos3x
——— khix#0
2) f(x)= x’
a khix=0

Giai:
1) - f(x) lién tuc tai moi x # 0 vi cac biéu thirc xac dinh f(x) 1a cic ham s6 so cp xac
dinh tai moi x # 0.
- Taix=0: f(0+0)= lir%12ex =2; f(0-0)= lim(a+2x):a:f(0).
x—0" x—0"
Vay dé f(x) lién tuc tai x =0 thi: £(0+0) = £ (0-0)=f(0)=a=2.
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Vay voi a =2 thi ham sO da cho lién tuc trén R.
2) - Véix #0, f(x) 1a ham s6 so cap nén lién tuc.

1

et taix=0 oo i i 1—cos?>x_1. 5<3x>2
- Xét taix=0 co xlg)lf(x)—xlg)l - =lim =

:%; f(0)=a. =>fx)lién

tuc tai x =0 khi va chi khia= % . Vayvoia= % thi ham sd da cho lién tuc trén R.

Vi du 2: Xac dinh cac hang s6 a, b d€ cadc ham s6 sau day lién tuc:

J24+x-1
-— khi x <—1 .
x+1 bx x’+2 khi x <1
1) f(x)=<ax’+b khi -1<x<0 2) f(x)=qax+b khi 1<x<2
3x_ 4 .
e’ -1 khi 0<x — khi 2<x
x x
Giai:
1) f(x) la cac ham s6 so cap xéac dinh tai moi x < -1; -1 <x <0; va x> 0 nén lién tyc tai cac
diém nay.
-Taix=-1:

f(21+0)=lim(ax’+b)=a+b=f(-1)

3/ _ _
FC1-0)= fim V2Pl gy 2tx -1
ool x4l x>l (x+1)[(§/2 +X)z +3/2 +x +1}
. 1 1

= lim = -

x>l [(3,/2 +x)2 +32 +x +1} 3
Pé f(x) lién tuc tai x = -1 thi f(-1+0)= f(—l—O):f(—1)<:>a+b:§ (1)
- Taix=0:

£(0-0)=lim(ax* +b)=b= f(0)

3x
e’ =1 .. 3x
F(0+0)=lim—==lim="=3.
Vay f(x) lién tuc tai x =0 khi va chi khib=3 (2).

Két hop (1) va (2) suyraa= —g.

Vay v6i a = —g vib =3 thi ham s6 d cho lién tuc trén R.

24

Bién soan : Vi Khic Biy — B¢ mén Toin PHLN



Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

2) f(x) 1a ham s0 so cap xac dinh taimoi x <1, 1 <x <2, va x> 2 nén lién tyc tai cac diém

nay.

-Taix=1:

f(1-0)=lim(x*+2)=5=f(1) f(1+0)=lim(ax+b)=a+b

=> f(x) lién tuc tai x =1 khi vachikhia+b=35 (1).

- Taix=2:

f(2-0)=lim(ax+b)=2a+b=f(2). f(2+0):1irr}i:ﬂ:2
¥2 =2 x 2

Vay dé f(x) lién tyc tai x =2 thi2a+b =2 2) Tu(@d)va2)suyraa=-3;b=8.

Két luan: véi a=-3; b= 8 thi ham s6 di cho lién tuc trén R.

1.5.1.3 Lién tuc trén mot khoang, doan.
e Ham s f(x) lién tuc trong khoang (a, b) néu f(x) lién tuc tai moi x € (a, b).
Kyhitu f(x) e C, 5,
e Ham s f(x) lién tuc trén doan [a, b] néu f(x) lién tuc trong (a, b) va lién tuc phai tai a,
lién tuc trai tai b.
Kyhiéu f(x) € G, p
Y nghia hinh hoc: Néu ham y
f(xeC,, thi dd thi y = f(x) 1a mot £b)
duong lién nét di tir

A(a, f(a)) dén B(b, f(b)).

fla)

1.5.2 Tinh chit ciia ham lién tuc trén mét doan
1.5.2.1 Tinh chét 1: (Tinh bi chin)
Néu f(x) lién tuc trén [a, b] thi f(x) bi chin trén [a, b].

Tacla: IM>0: Vxe [a,b]:|f(x)|<M

1.5.2.2 Tinh chit 2:
Néu f(x) lién tuc trén [a, b] thi f(x) dat gi4 tri nho nhét va gia tri 16n nhét trén [a, b].

Thc la: 3 x4, x5 € [a,b]: f(x) :rgibglf(x);f()g) :n[z%]xf(x)
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1.5.2.3 Tinh chét 3:
Néu f(x) lién tuc trén [a, b] thi f(x) dat moi gié tri trung gian giira gi4 tri nho nhit va
gi4 tri 16n nhéat cta no trén [a,b].

Tuc 1a: néu m= I%’llbl]’l f(x);M = r{l%]xf(x); Thi
a, a,

Vurm<p<M 3Ix, ela,b]:f(x,)=pn

H¢ qua: Néu f(x) e C,,p cho Y 4

a,be(a,p) saochoa<bva %

f(a).f(ib) <0 khido6 ton tai 1 diem | =
c €[a,b] sao cho f(c)=0.

Ap dung : Phwong phdp chia déi lién tiép : Giai bang gin ding phwong trinh f(x) =0
Pé giai gan ding phuong trinh f(x) = 0 theo phuong phép chia doi lién tiép thi ham
f(x) can théa man diéu kién : f(x) lién tuctrén [a,b ] va f(a).f(b) <0

YA Y 4
0 a i c b ; 0 %
a) b)
Quy woc : - cac ky hiéu a,b,c la dia chichtacacgiatri a,b,c

- kyhiéu “a :=b” la gan gia tri & dia chi b vaodiachia

Can tim nghiém gan diing f(x) =0 véisaisdla e
Thuat gidi:
a +b
2
Buwéc 2. Néu f(c).fla) <0 thi b:= c - truonghop a) tirclathay[a,b ]boi [a,c]
Néu fc).f(a) >0 thi a:= ¢ - trudnghop b) tirclathay[a,b]bdi [c,b]

Bwocl. c:=
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Buwoc 3.
e Néu a ; b— c|<e thi dung tinh va nghiém gﬁn ding x, = a ;r b
£ a +b \ A ;
e Néu S c|>¢ thi quayvébuoc

1.5.3 Diém gidn doan ciia ham s
1.5.3.1. Pinh nghia: Ham s6 f(x) goi 1a gian doan tai diém x, néu f(x) khong lién tuc tai

Xo. Khi dé diém x, goi la diém gian doan ciia ham so.

1.5.3.2. Cac trwong hgp gian doan.
Diém x, 14 diém gidn doan cta f(x) néu thuéc mot trong cac trudng hop sau:

e Ham s f(x) khong xéac dinh tai x,

Vidu: f(x)= 1 c6 diém gian doan x = 0 do khong xac dinh tai x =0

X
e lim f(x)#lim f(x)
1
x—1 :
Vidu: f(x)=1¢ K X#L g g oian doan 1a x =1 vi
1 khi x=1

1 1

f(1-0) = lirlr_loe““1 =0 ; f{1+0) = lime"' =+ => f(1-0) # f(1+0)

x—> 140

o lim /(x)=lim [ (x)/(x,)

X=X

sinx
SN hix 20
Vidu: f(x)=1 x %7

3 khix=0

c6 diém gian doanx =0 vi f(0+0)= f{0-0) = 1 # f(0) =3

1.5.3.3 Phén loai diém gian doan.
Gia sir diém x, 1a diém gian doan cia ham sd f(x).

e Diém x, goi la diém gian dogn logi 1 cua ham so f(x) néu ton tai gidi han trdi va

gidi han phéi hitu han cia ham sb f(x) tai X, .
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Khi do: h =|f(x,+0)— f(x, —0)| goi la budc nhay ciia f(x) tai x = x.
Khi h = 0 thi x, 1a diém gian doan c6 thé khir dugc bang cach bd sung gid tri ciia
ham s tai diém x, chinh bang gia tri giéi han do.

Vidu: f(x)= il gian doan tai x =0
x

SI0X hi x % 0
dododat f(x)=< «x thi f(x) lién tuc tai x = 0.

1 khix =0

e (Cac diém gidn doan cua ham s6 khéac loai 1 thi goi 1a diém gidn doan logi 2.

Vidul
l-cosx ..
, , — khix =0
Xét tinh lién tuc va phan loai diém gian doan ciia ham s6: f(x) = X
1 khix=0
Giai
e Nhan thay ham f(x) lién tuc voi moi x # 0.
2
1— cosx 2sin’ = sin =
e Xéttaix=0 c6 lim f(x) =lim ——— = lim ——2 = lim —| —2 | =
x—0 x—0 X x—0 X x—0 2 §

1 .
vay f{0-0) = f(0+0) = 5 # f(0) =1,dodé x=0ladiém gian doan loai 1 v&i bude

nhayh =0.
2
, XX Ab g
Vidu2 Chohamsd: fix) ={ ((x-1)
4 khi x=1

Tim céc gia tr1 a va b dé ham so6 f(x) c6 x =1 la diém gidn doan:

a) loai 1 , b) loai2

Giagi V61 x # 1, ham f(x) lién tuc va

2 —
f(X):aX+X+b:ax(x-l) +a(x 1)+a+b:ax+a+a+b
(x—1) (x—1) x—1
e Néu a+ b # 0 thi limf(x)= 2a + lima+l; = 0
x—1 x—1 X —

=> x =1 la gian doan loai 2
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e Néua+b =0 thi limf(x)=2a => f(1-0) = f(1 +0)= 2a

x—1

=> dé x =1 1adiém gian doan loai 1 thi 2a # f(1) =4 <=> a# 2
Két luan: Pibukién déx =11 diém :
* giandoanloailla: a = -b # 2

* giandoanloai2la: a+b # 0
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BAI TAP CHUONG I

Bai 1 Tim cdc ham ngugc cua cac ham so :
1) y= x’ véimién xac dinh x < 0;
4x +1

2)y

vOo1 mién xac dinh x > 2

3) y = In(x*-1)véimién xac dinh x < -1

Bai2 Tim cac giéi han sau :

g 1
a) hngm b) hmw, ¢) lim x(a* —1)
X—> o—>0 (X/ X—> +0o0
) eocx _ e[}x ) eax _ eBx
d) hIIOl—, e) lim (o #B).
X—> X

0 sina X —sinfBx

Bai 3 X¢ét tinh lién tuc va phan loai diém gian doan cta cac ham so6

SIX fhix £0

) f(x)=1 [x| 2) f(x) =
1 khix=0
x> khi 0<x<1

) 1(x) {2—){ khil<x<2 ) 1(x)

Bai 4. Tim céc gia tri a va b dé ham so6 sau 1a ham lién

xsinl khix =0
X

0 khix=0

cos T2 khi x|<1
2

|x—1| khi |X| >1

tuc v&1 moi x

2
X hax4b o
f(x) = x—1
2 khi x =1
30
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CHUONG 2
PHEP TINH VI PHAN CUA HAM MOT BIEN

2.1. Pao ham cép 1
2.1.1. Dinh nghia dao ham
2.1.1.1. Pao ham tai mot diém.

e Dinh nghia Gid sir ham s6 y = f(x) xdc dinh tai di€ém X, va lan cén cua x,, . Cho x,

s6 gia Ax , khi d6 nhan dugc sb gia twong Gmg ctia ham s6: Ay = f(xg+Ax ) — f (Xo)

Néu ton tai lim % = A (hiru han) thi A duoc goi la dao ham ciia ham sé f(x) tai x.

Ky hidu: £7(x)) = A , tacla £(xo)= lim >
Ax—0 Ax
Vidul : Cho f(x) =x"+ 1. Tinh f’(1).
Cho xo = 1 s0 gia Ax.
Sb gia twong tmg ciia ham s6: Ay = (1+Ax )* + 1 — (1+1) = 2Ax + (Ax )’
foes Ay Ao £001Y —
Ta co: ggloa 2, Vay:A’(1)=2
Vidu 2 : Cho f(x) =sinx, tinh f’(x)=?

Do f(x) = sinx x4c dinh tai moi gié tri x nén thoa mén gia thiét dé co6 thé tinh duogc f°(x).

Cho x so gia Ax => Af = sin(x + Ax) - sinx = 2cos[x+%) sin [%)

do do6
Ax ) . [ AX . [ AX
2cos| X+— [sin| — sin| —
) ) 2 2 ) X 2
lim — = lim = lim cos| x+— |————% = cosx
Ax—0 AX Ax —0 AX Ax —0 2 g
2

!

Vay (sinx) = COSX

e Y nghia ciia dao ham :

> Néu ham f(x) c6 dao ham tai diém x, thi duong cong y = f(x) s& c6 tiép tuyén tai
diém My(xo , f(xo) ) va duong cong dugc goi 1a trom tai x,. Phuong trinh tiép tuyén
tai diém M, s€ 1a

y=1"(x¢) (X -Xg) +1(x¢)
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> Néu ham f(x) c6 f’(x) >0 trén (a, b ) thi ham s6 dong bién ( don diéu ting) trén
(a,b),connéu f’(x) <O0trén (a,b) thi ham sd nghich bién ( don diéu giam) trén
(a, b). Nhu vay dua vao du hiéu ciia dao ham ta co thé khao sat dugc chiéu bién

thién cua ham so.

2.1.1.2. Dao ham trai, phai.
e Dinh nghia Gia st ham s6 y = f(x) x4c dinh tai diém x, va 1an cén trai cla x, ( tirc
1a v6i X < X ) . Cho X s6 gia Ax <0 , khi d6 nhan dugc s6 gia twong tmg clia ham

s6: Ay = f(xg+Ax ) —f(xo)

A A A A v g , . \ T J
Neéu ton tai lim Ey hiru han thi gi6i han d6 dugc goi 1a dao ham trai cua ham so f(x)
Ax—0"

taixg. Ky hidu: f'(xo-0). Vayf’(xo-0)= lim 2

Ax—0" Ax

Tuong ty ta dinh nghia dao ham phai: £’(xo + 0) = Algrg %
* Dinhly:
Ham s6 f(x) c6 dao ham tai x, khi va chi khi ton tai £ *(x - 0) = f ’(x, + 0).
Nhdan xét:
> Néu f(x) c6 dao ham tai x, thi f(x) lién tuc tai xo. Piéu nguoc lai chua dung.
Vidu f(x)=/x/lién tuc tai x =0 nhung khong c6 dao ham tai x =0
> Néu ton tai f’(xo - 0) # (X, + 0) ma f(x) lién tuc tai x, thi tai diém M(x,, f(xo))
duong cong vy = f(x) co hai tiép tuyén voi f’(xo+ 0)1a hé sb goc tiép tuyén
bén phai va (X, - 0) 12 hé s6 goc tiép tuyén bén trai.
Vidu: y=|x c6f’(0-0)=-1va f’(0+0)=1.

2.1.1.3. Dao ham trén mot khoing, mgt doan

e Ham s6 f(x) c6 dao ham trén (a, b) néu f(x ) c6 dao ham tai moi xe&(a, b).
e Ham s fx) c6 dao ham trén [a, b] néu f(x) c6 dao ham trong (a, b) va co dao
ham phai tai a, co6 dao ham trai tai b.
e Pao ham ciia ham s f(x) trén mot khoang, mot doan néu ton tai 1a mot ham )
ky higula f’(x) hoac vy’
Vidu: f(x)=x>+1c6f’(x)=2x véi x € R.
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2.1.2. Cdc phwong phap tinh dao ham
2.1.2.1. Tinh dao ham theo dinh nghia.

Bang cac dao ham co ban

y=C (Cla héng sé) —=> y=0
y= X" (m ER) => y’: m Xm-l
y = sinx ——>  y’=cosx
y = cOsx ——>  y= - sinx
5 1 5
y = tgx sy (c1gx)
COS™X
Yoo —> Y= (= -1-ag)
sin“x
y=¢e == y=¢
y = ax ::> y,: aX lna
,_ 1
y= Inx ==> y'=—
X
) 1
y = logaX ==> y —
xlna
y = arcsinx —>  y= 1
1-x*
5 1
y = arccosx == y'=-
1-x°
= arctgx e o
’ : Y 1+x?
1
= t e e
y = arccotgx y —

2.1.2.2. Tinh dao ham theo quy tic.
e Dao ham ciia tong, hiéu, tich, thwong.
Gia st f(x), g(x) c6 dao ham trén (a, b). Khi do:
[f(x) + gx)]" = £'(x) + g’(x)
[f(x) - gx)]" = £'(x) - g'(x)
K. f(x)] K. f’(x) vo61 Klahangso
[fgx)]” = Fx)gX)+ f{x)g’(x)

{f(x)} _PsC=F08')  (gx)20).
2(x) SO
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e Dao ham cia ham hgp.
Xét ham hop: y=f(u(x)) . Gia sir ham s6 u = u(x) c¢6 dao ham tai x,.
Ham s6 y = f(u) c6 dao ham tai uy = u(xo).
Khi d6 ham hop y = f(u(x)) c6 dao ham tai x, voi:
¥ (Xo0) = £u(uo).u’xo;(Xo)

Vidu: Tinh dao ham ctaham so:

Cho ham sé y=f(u(x))= 2sin (m) ) goi u(x)= (m)
2 ) (u)x
y = 2.cos (m) ;.(2)(): 2.cos( x>-2), —=

1

y'=f".ux = 2.cosu.u'y =2.cos ( X

]
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Vi du: Tinh dao ham cta cac ham so sau

y=sin(2x+1) > y’= (2x + 1)’.cos(2x+1) = 2.cos(2x +1)

y =cos(Inx) > y’= - sin (Inx) .(Inx)’. = — 1 sin(In x)
X
y=In(x+vx’+1) > y=
y = arctg( x2+1 ) o> y=
x +1

Téng quat ta co: y',= .0’

e Dao ham cia ham ngugc

Gid sir ham y = f{x) c6 dao ham tai xyva f'(xy)#0. Néu f(x ) c¢6 ham ngwoc x = g(v)

thi g(y) ciing co dao ham tai yo=f(xy) véi:  g'(y,) = ﬁ
xO

L

Tong quat: g'(y)

)

ST

2.2. Viphan

2.2.1. Dinh nghia
Gia st ham sb y = f(x) x4c dinh tai xo va 1an can cia x,.

Cho X, s6 gia Ax , khi d6 nhan dugc s6 gia twong tng ctia ham s6:Af = f(xo+Ax ) — f (xo)

Néu Af biéu dién dugc dudi dang  Af = A. Ax + a (AX)

trong d6 A 1a hang s6 chi phu thudc xo va o (Ax) 14 VCB cip cao hon Ax khi Ax — 0.
thi biéu thirc A. Ax goi la vi phan cta f(x) tai xo va ky hiéu: df = A. Ax
Khi d6 tanéi f(x) kha vi tai xo

Nhin xét :

e Néu ham s6 f(x) kha vi tai xo voi df = A.Ax thi f(x) c6 dao ham tai xo va f’(xo) = A.
Nguoc lai néu f(x) co dao ham tai x, thi kha vi tai xo va df = f ’(xo)Ax. Nhu vay tinh c6
dgo ham va tinh kha vi ciia ham sb luén di cing nhau.

e Xéthamso fix)=x c6f’(x)=1voi vx néndf=dx=1.Ax => Ax =dx
Do d6 ta c6 biéu thirc vi phan cta ham sb f(x):

df (x)

df=P(x)dx => f'(x) =
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2.2.2. Ung dung vi phin tinh gin diing
Gia sir ham sb f(x) kha vi tai x, va £ ’(xo) #0.
Ta co: Ay = f(xo+Ax ) — f (X0 ) = f’(X0)AX + a (AX)
V6i Ax ratnho thi f(xo+Ax ) —f(xo)= f’(Xo)Ax (do bo qua VCB cip cao a (Ax))
Suy ra:

f(xg+Ax ) = f(X¢)+ f’(X0)Ax

Vi du:
» Tinh 3/1,02 , dat f(x) = 3x ,léyxo =1, Ax=0,02 , c6 f'(x) :;_
32
REVD:¢
_ _ _ , 3 1 2 302
= flxo+Ax )= 1,02 = f(x0) + ' (x0)Ax = 31 + ——.0,02 = 1+— = >—
12 300 300
Vay 31,02 =~ 302
300
> Tinh sin29°, dit f(x) = sinx , 29° = 30° -1°;¢6 30°= = va 1°= -,
6 180
4 T T T T
layxo=—, Ax= - —, x = —-——; f'(X) = cosx
TR 180 6 180 W

a0 ., T T . T T T 1 n V3 180-1/3
=>sin30" =sin(—-—) ~sin— - —.0§ — = —— ——.—= ————
6 180 6 180 6 2 180 2 360

2.3. Ung dung dao ham dé tim giéi han & cac dang vo dinh

2.3.1. Quy tic Lopital I (xét cho qua trinh x — x¢ hitu han )
Dinh 1y 1:
Gia st cac ham f(x ), g(x ) lién tuc tai x,, kha vi & 1an cén x,, thoa man céc diéu kién

f(x0) = g(x0) =0 va g’(x) #0 & lan cén x,.

khi d6 néu tim £ = 4 thi fim L&) = 4
v g'(X) v g(x)

Chirng minh dinh Iy :

Dé chirg minh dinh 1y & day ta ap dung dinh ly Lagrange :
e Dinh Iy Lagrange:
Gia st ham f(x) lién tuc trén doan [a, b] kha vi trén khoang (a, b). Khi do6 c6 it nhat
fO)~f(a) _ .
b —a - f (C) .

mot diém ¢ € ( a, b) sao cho:
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}-'.il

Bang cach mo ta trén hinh 2.1 ta ¢6 tga = M

= f'(c)

Do lim L) _ i LX) = f0) _ x=x
mogl) e xmy g g

ma f(x) va g(x) lién tuc trén [ x, x,/

(‘hodc trén [xy, x]), kha vi trén (x, xy) ( hodc trén (x,x,)), ap dung Lagrange ta

dwge fimd =S X7% o, SO

- V6i ¢ € (x,xy), do dénéu
=no x=x o g()-glx)  ow glle)

3 limf(x) = A thi 3 11mf() = A va vivay limf(—x): A
‘C*)‘CD g (x) ‘C*)‘CD g (C) JC*)JCD g(x)
Vi du:
D 1im 3% 08 dang 2 xet fjm (103%) _p 3eos3x viy lim SI03X _ 3
x>0 X 0 x—>0  x' x—0 1 x>0 X
2) limM co dang 9,
x—0 X 0
xeét limM = lim = 2,vay limM =2
x—0 x’ x—>0 14+2x x—0 X
_ PSR 1 o2 2
3) 1im 2~ 6 dang 2, xét fim 3180 _ 1o otg'x o gtk 1
x—>0 X 0 x—0 (X3) x—0 3x x—0 3x 3
A g X—tgxX 1
1 = ——
i I =

Dinh ly 2:
Gia sir cac ham f(x ), g(x ) kha vi & 1an cén X, (trir diém X), thoa man cac diéu kién sau:

lim f(x)=o00; lim g(x)=o00 vag'(x) #0 & lan cén x,.

X—)XO X—)XO
Néu lim pALC)] =4 thi lim S (x)
X=X g( ) X=X g(X)
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Vi du:

1) lim x? .Inx ; (B>0) .Co limxP.Inx = limln—x, c6 dang ©

x—0 x—0 x—0 L o0
<P
(Inx) —xP
Xét lim - =lim o =lim—— = 0,
x—0 1 J x%OBX X x—0 B
XI3

vay limx".Inx =0 ; (B>0)

x—0

2.3.2. Quy tic Lopital 2 ( xét cho qué trinh x — )
Dinh 1y 1:
Gia sir cac ham f(x ), g(x ) kha vi Vx >a (Vx <a), thoaman cc diéu kién :

lim f(x)= Im gx)=0vag’(x) #0Vx>a (Vx<a)

X—>+© X—>+©
(x—>—00) (x—>—00)
Khidonéu lim L~ A thi lim L) =A
x>+ g'(X) x—+0  g(X)
(x—>—00) (x —>—c0)
Vidu :
T
- —— arctgx 0
lim x.(—-arctgx) = lim 2 % dang —, xét:
X—>+0 2 X—>+00 b 0
X
(ﬂ arctng
5 2 2
im 222 him L im X ivay limx(E- arotg) =1
X—>+00 1 x>+0]+ x° =1 x40+ x X+ 2
8
Dinh ly 2:

Gia sir cac ham f(x ), g(x )kha vi Vx >a (Vx <a), thoaman cic diéu kién :

lim f(x)=0; Iim gx)=wvag(x)=#0Vx>a (Vx<a)

X—>+© X—>+o0
(x—>—00) (x—>—0)
khidondu fim —C)_A i fim LX)_p
x—+o  g'(X) x—+wo  g(X)
(x—>—») (x >—o0)
Vidu
X X X X
1) lim <— c6dang =, xét lim ) lim & = +o0 , vy lim S = +oo
X—>+0 X 00 x>+ X' x—+o | X—+0 X
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2) fim X (v6i W a>0) 6 dang 2,
x40 x% 0
xét  lim (h”‘? = lim ;1 = lim —— =0, vay lim "X -0 (véiVa>0)
X—>+00 (Xa) x—+0 ox. X%~ x—+0 oL.x * x—+0 x*
Chii y

e Trong cic phat biéu trén A c6 thé 1a gia tri hiru han hodc v cuc

e Quy tic Lopital c6 thé dugc ap dung lién tiép nhiéu lan

Vidu: lim i;nx co dang 0 nén ta ap dung Lopital :
x—0 X 0
xét lim m = lim H’# _ dén day lai o6 dang 2, tiép tuc 4p dung
x—0 (X3) x—0 3x 0

A X, o g . x—sinx 1
Lopital ta dugc két qua gidi han lim ——— = —

x—0 X3 6
LA Tl A pral 42 AA LA 1A AL . f(x)
e Quy tac Lopital chi la diéu kién du d€ két luan sy ton tai cia  lim ———=
X=X, g(X)
(x—>0)

khi gi6ihan nay ¢ dang %hoac =

( Twec la  khi 3 lim (f(_x))’ nhu’ngvﬁn cé6the I lim m )

=X —X, X
n (660) w8

Chinh vi vay trong khi trinh bay ta phdi xét giéi han lim M néu ton tai thi

!

X—X, (g(x))

(x—> o)
e S A . . f(x
mdi co két lu@n sw ton tai cia  1im )
X—X, g(X)
(x > o)
Vidu:
(x +sinx) 1 + cosx
i I . .. |x+sinx . .
e lim**SMX | phyngnéu 4p dung Lopital lim ~———-*= lim ————  khong
X X—>00 X X—>00 1
ton tai.
.1
x%sin—
e lim—X =1lim —— x.sin—=0, nhung néu 4p dung Lopital s& c6
x—0 SInx x—=>0Smx X
!
! ! -1 1
(xz smj 2x.sin— + x2 —5 COS— 1
lim -~/ = lim X X X = 0- lim cos— , khong ton tai
x—0 (sin X) x—0 COSX x—0 X
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2.3.3. Cac gi¢i han dang vo dinh : 0.0 ; o’ ; 1° ..

e Dang 0. : Bién doi vé mot trong hai dang % ; L i ap dung Lo-pi-tal
0
Vidu
| 3
> limx.In|x| = lim "X dua vé dang 2)
x—0 x—0 l 0
X

e Dang ©° ;1° ...

Pé tinh gi6i han cac dang nay ngudi ta ap dung phuong phéap loga hoa dé dwa vé dang

0.0 10i tiép tuc dua vé mot trong hai dang % ; *

Vidu :

| 1
> Tim gidihansau : 1= lim x* . Dt A(x)=x* = limInA(x) = lim ! Inx

X—>+00 X—>+0 ¥
!
T , © 2 A - Y 1 (hl X) .1
khi d6 gi¢i han c¢6 dang —, 4p dung quy tac Lo-pi-tal : xét lim~—+ = lim— =0
o0 X—>+00 X X0

vay lim In A(x) = liml Inx =0 = InlimA(x)=0=>1= limA(x)=¢"=1

X—>+00 X X—>+00

1
» Tim gidihan I = lim(cos X)@ - Gi6i han ¢6 dang vo dinh 17

x—0

r

Chuy :

Dang vé dinh 1° ngoai phwong phdp loga héa ta c6 thé sir dung gidi han dang

t—>oo

l t
ling(l +o)*=¢e hodc lim[l + %j =e

Vidu:
L’ 1 cosx-1
» lim(cosx)® = lim[1+ (cosx —1)Jesx-1 ¥ =
x—0 x—0
cosx—1
) e Jim %8% 1 1
lim{[l + (cosx —1)]00“-1 =e ¥ =e?
x—0

2

2 1 F 2 _ x
> hn{w} =lin{1+ (L’q’){l_l)} -

el X7+ X x> X"+ X
x2+x (2x-1).x
2X—1 2x—1 %2 lim(2x—71)Ax ,
=lim| 1+ — = e Y =e
x> X"+ X
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Chiy:
Nén két hop viéc thay thé cac VCB twong dwong véi viée sir dung quy tic Lo-
pi-tal dé tim giéi han dang vé dinh :

Vidu :
et —1-%° (Oj
lim——— | =
x=0  sin’ 2xX 0

e -1-x . e -1-x> (2x)°
lim————=1im — — =
x>0 sin” 2x x>0 2Px sin’ 2x
Bt e ST bl
B x—0 26X6 B t—0 26t2

e —1-t)' t_
:>I:1im( ) o]

B0 20(0) 020 2¢ 27

BAI TAP
1. Tinh ciac dao ham sau :

1) y=log,(x’ —sinx)  2)y=In(x+v1+x?) 3) y=In(Inx)
[,2 2

4y =x’+a’ _ap2TVE X 5)y =ae’ 6) y=¢"Insinx
X

7) y =e*sinx 8) y =arccos(x”) 9) y = arcsin/sin x

10) y =™ 1)y _ areeosx 12) y = (arcosx)*
X

2. Chung minh ham
1 .
x’sin—  khix#0
f(X) = X
0 khix=0
c6 dao ham tai moi diém va dao ham gian doan tai x =0

3. Cho ham so

x“cosl khi x#0
f(x)= X
0 khi x=0

Vi gia tri nao cua n thi ham s6 f(x)
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a) Liéntuctai x=0
b) C6 dao ham tai x =0

¢) C6 dao ham lién tuc tai x =0

4. Tinh cac giéi han sau theo quy tic Lo-pi-tal

1 lim X — arzctgx 2) lim X —Smx 3) lim T — 2arctgx
x—0 X x—=0 x — th X—>+00 ln(l n lj
X
. a —-b" . e —e” . a —b"
4) lim 5) Iim— 6) lim————
) x>0 ¢* —d* )HO sin X cos X ) x50 v /1= x2
tgx X x3 13 .
7) lim=——= 8) lim& % 9) fim SIN2X
x20 tox — X x>0 sin’ 2x x>0 Insinx

In(1-x)+ tgnzX

10) lim 11) lim [(7 — 2arctgx)Inx]
x—1-0 cot g(n X) X—>+00

12) lirrg(cot gx — lj 13) lirlnO " ! 14) lirrll(L - Lj
” X 0 cos T In(l - x) ~\x-1 Inx
2
15) lim[x(e"* = 1)] 16) lim(tgx)> ™ 17) lirré(ex +x)"
X X%E X
1 tgx ‘ X tg%
18) lim(—j 19) limx™* 20) lim(2 - —j
x>0\ x x—0 X—a a
~ . . C . X—COSX 4 . A
5. Hay chirng minh gi4i han lim ———— t6n tai nhung khong ap dung duogc quy

x=>® X +8InX

’ e8]
tac Lo-pi-tal (mac du gioi han c6 dang vo dinh — )
e8]
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CHUONG 3
PHEP TiNH TICH PHAN HAM MOT BIEN

3.1. Tich phén bat dinh
3.1.1. Nguyén ham.
3.1.1.1. Dinh nghia.
Gia sir ham s6 f(x) x4c dinh trén (a,b).Ham sé F(x) dugc goi 1a nguyén ham cia f(x)
trén (a, b) néu F’(x) = f(x) v6i moi xe(a, b).
Vi du:
sinx 1a nguyén ham cua cosx trén R vi (sinx)’=cosx.
sinx +1 1a nguyén ham cuta cosx trén R.
sinx + co 1a nguyén ham ctia cosx trén R (véi ¢y 1a hang s6 xac dinh)

3
x? 1a nguyén ham cua x” trén R.
Nhin xét :

» Nguyén ham cua mgt ham s6 1a mot ham so xac dinh

» Mot ham s6 c6 theé c¢6 nhiéu cac nguyén ham khac nhau

3.1.1.2. Piéu ki¢n ton tai nguyén ham.

Pinh li : Néu ham f(x) lién tuc trén (a,b) thi f{(x) c6 nguyén ham trong khoang dé.

Chu y:
> Ham f(x) c6 nguyén ham nhung chwa chac d lién tuc :

2o 1 1
m X 0. —+2xcos— 0.
Vi du: Ham F(x) = *eos X SR nguyén ham cua f(x) = st X excos < " .

0 x=0. 0 x=0.
vi F’(x) = f(x) tai moi x nhung f(x) khong lién tuc tai x = 0.
> Moi ham s6 so cap déu ton tai nguyén ham trén tap xac dinh cia né.
1

1—x

Vidu: {(x) = xac dinh trén (-1, 1) va c6 mot nguyén ham la F(x) = arcsin x.

2

3.1.1.3. Pinh li tong quat vé nguyén ham.
Dinh li : Gia sir F(x) 1a nguyén ham cua f(x) trén (a,b). Khi do trén (a,b) ta co:
e Véi moi hiang s6 C, xac dinh thi F(x) + C, ciing la nguyén ham cia f(x)

e Moinguyén ham khéc cta f(x) déu co dang F(x) + C, véi C, 1a hing s6 nao do.
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Nhin xét:
> Néu ham s f(x) c6 mot nguyén ham trong khoang (a, b) thi né s& c6 vo sé nguyén
ham khéc va cac nguyén ham nay chi sai khac nhau 1 hang s cong
> Néu F(x) va G(x) 1 hai nguyén ham khac nhau cila cing mot ham f(x) thi lu6n ton
tai mot hang s6 Codé F(x) =G(x) + Co
> Ta goi F(x) + C 1a biéu thirc nguyén ham tong quat cila f(x)

3.1.2. Tich phén bit dinh

3.1.2.1. Dinh nghia.
Néu F(x) 1a mot nguyén ham cua ham f(x) trén khoang (a, b) thi biéu thirc F(x) + C
(v6i C 1a hang s6 ty y) duoc goi 1a tich phan bét dinh cila f(x) trén khoang (a, b).
Ki hiéu: F(x)+ C = j F(x)dx .

Trong do: | dau tich phan
X bién 1y tich phan
f(x) ham dudi déu tich phan
f(x)dx biéu thirc dudi du tich phan
Vidu: 2xdx=x"+C ; Jcos3xdx= %sinx +C

Nhdn xét :

> Khéc voi nguyén ham (13 mot ham s6 xac dinh ) , tich phan batdinh 1a mot biéu
thirc , n6 biéu thi mot ho cac ham so 1a cac nguyén ham ctia ham dudi dau tich phén.

> Ung vo1 mot gid tri xac dinh cia héng s6 C, ta duoc mot ham s6 xac dinh — 1a nguyén
ham cta ham duéi déu tich phan. bd thi cia cac ham ) nay trén hé toa do Oxy la cac
duong cong “ dong dang ” — tinh tién theo truc oy nhu hinh 3.1 . Do d6 mdi diém

M(x,y) trén Oxy (max e (a,b)) s€ chi co motduong congy = F(x)+Cy, diqua.

y F 3
T~ y=FE+
" T
gﬁ o
\—/.’""—F’_-_‘_‘_"‘-—.._\_
" T
g YT,
0 X
Hinh 3.1
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3.1.2.2. Cac tinh chit ciia tich phin bat dinh

o d([f(x)dr)=s(x)ax
. Uf<x>dx]'=f<x)

o [d(F(x))=F(x)+C
o Gia s f(x) va g(x) déu c6 nguyén ham . Khi d6 v6i moi «, BeR thi
[af(x) + Bg(x)]dx = o fix)dx + B g(x)dx
e Néu Jf(x)dx = F(x) + C thi Jf(u) du = F(u) + C v6i u = u(x).
Vidu

*) Tinh I :ICOSSde = %J.cos(Sx)d(Sx) = %sin 5x+ C doco Icosudu = sinu +C

2

J.d()i) ln|x +1|+C docoj = Inju +1]+C
X

3.1.2.3. Bang cac tich phan bt dinh co ban.

a+1
IJ. adx— +C, (ai—l).

a+l 6.Icosxdx =sinx +C
2[\/7 v =23x+C 7.Isinxdx=—cosx+C
3.[~dv=In|x|+C 8. dx = tgr+C
J.x = lnal+ J.coszx X
4.Iexdx=ex+C 9J' dx = —cotgx+C

) sin” x

e, a

S.J.a dx = e (a>0,a=1). 10,"' 1_x2 dx = arcsinx +C=—arccosx +C

1
1 I.J. >— dx = arctgx + C = —arccotgx+C
x +1

16.J.\/x2+b dlex.\/xz+b+éln‘x+\/x2+b‘+C

2 2 2
12.[\/27dx:1n‘x+\/x +b‘+C ,

X +b 17.J.\/az—x2 abc=%x.\/az—x2 +%arcsin£+C

a

13. ! dlearctgiJrC
2 2
X" +a a 18J. dx :llnx
xX*—a* 2a |x+a

14J. %dx arcsm +C

—a

+C

Vi du minh hoa.

Ap dung cong thirc co ban tinh cic tich phén sau:
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x+C

L[l f)<1+f)d _Ixf Jx, I[xz _xéjdx 6.0 6
13

w1 1
2. j(x > —j(x—a) dx = 00 G + C

3. | dx =i[ 1 jdx=2i1n‘”x+c
a

a-x* 2a'\a+x a-x a—x

4.J., d = (.1 + 1jdxztgx—cotngrC

sin? xcos® x sinx  cos’x

3.1.3. Cdc phwong phdp tinh tich phén bét dinh.
3.1.3.1. Phwong phap ddi bién so.
e POoibién t= ¢(x) véi ¢ (x) 1a ham kha vi lién tuc.
Phuong phap : Gié sit ta cin tinh [ £ (x)dx
- DPoibién t= ().
- LAy vi phan dt = ¢ ’(x)dx va biéu dién f(x)dx theo t va dt. Gia sir f{x)dx = g(t)dt.
- Khidé: j f(x)dx= j g(t)dt

Vidu I:
(1) I=[XVx+1de  datx’+1=t=>dt=3x"dx

1= L[t =gti+C= 3 +1) +C

2) 1= fe xdx dat x*— 1=t =>2xdx = dt
I= lJ‘etdtzlet re=Let i
2 2 2
3) I= J.SIHEde datt= cos’x =>dt = 2sinxcosx dx = sin2x dx
cos'x+1

dt
I=|——=arctgt + C
J.‘[2+1 g

datt=In(x+yx>+1)=>dt= & _
Vx?t +1

[= jdt =t+C=In(x+x’+1)+C

Cong thirc dap dung
I:J' dx

VxP+b

(5). Tinh 1= [(1-5¢*)"x'dx  (HD: Patt=1-5x)

@ 1= I \/xcfor 1

= IH‘X+\/X2+b ‘ +C
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(6) Tinh j (HD: Pt t= {1+¢")

le dx
Vl+e*

e Poi bién x = y(t)
Phwong phap:
- Dt x = y(t) trong d6 y(t) 1a ham don diéu, kha vi lién tuc ddi v6i t trén mot
khoang (a, b) nao d6. Khi do6 ta c6 ham nguoc t = w(x)
- Lay vi phan hai vé dx = y’(t)dt.
- Khido [f(x)dx=[f(y(t)y'(t)dt = G(t) + C

- Thayt= w(x) ta dugc j f(x)dx = G(w(x)) +C

Vi du:
(1) 2dx > (a>0) Patx =a.t
X +a
(2) J.—/dL(a> 0) Pitx=asint,t e [- £, Z]
a2 _x2 . ’ 2 ’ 2
3) J.“az_xzdx batx =a.sint, t € [- %%

Nlél
;/

dx a T
4 S — | batx= — te —
* J.)cxlxz—ar2 ) . cost ( 2j (

hodcx = -2 te [-Z,0|0] 0,2
sint 2 2

dx
R E

(6) J‘ /ZJFidx bat x = a.cos2t, te [0,%]

Nhan xét:
- Sau khi d6i bién ta phai quay tro lai bién ban dau.

bat x =a.tgt, t € (—%,%).

- Néu biéu thire duéi déu tich phan c6 chita céc can thirc va? —x* ,Vx*—a> thi sit dung

cac phép do6i bién tuong tmg:

=a.sint, t € [—— % (hay x = acost);
X:L,te 0,E U Z,n hoacx—i te —E,o U oﬂﬁ .
cost 2 2 sint 2 2
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- Néu biéu thirc dudi d4u tich phan chtra can thirc dang  a? + x> thi ¢ thé ddibién dang

e —e e +e

; ch(t) = ; va

X =atgt, t e (—%,%) hodac x=a. sh(t) ; (ham sh(t) =
luon c6 ch’t - sh’t =1, (sht)’ =cht, (cht)’ =sht )
- Néu ham du6i dAu tich phan 1a f(x)= R(e",e’,....e"™) thi c6 thé doi bién t=¢". (¢ day R

1a ham hitu ti )

3.1.3.2. Phwong phap tich phan tirng phan.
Noi dung: Gia str u(x), v(x) la cdc ham c6 dam ham lién tuc thi ta co:
fudv =u.v—[vdu

Phuwong phap:

- Gid str can tinh [ f(x)dx
- Chon u = u(x) va tir d6 suy ra v. Tinh du va biéu dién f(x)dx = udv.

- Ap dung cong thirc tich phan timg phan

Mot s6 trueong hop sit dung phwong phap tich phin tirng phin:

Nhém 1: gdbm nhiing tich phan ma ham dudi dau tich phan c6 chira thira s6 1a mot trong
cac ham sau: Inx, aresinx, arccosx, arctgx, (arctgx)’, (arccosx)?, In(@ (x))....
Khi d6 ta chon u 1a mét trong cic ham s6 da chi ra con dv 1a phan con lai cta biéu

thirc dudi dau tich phan.

Nhém 2: gdm nhiing tich phan ma ham dudi dau tich phan c6 dang P,(x)cosbx hoic
P.(x)sinbx, hoic P,(x)e™ trong d6 P,(x) 1a da thirc bac n, a, b 13 hang sb.
Khi d6 ta diit u = P,(x) va dv 1 phan con lai cta biéu thirc dudi du tich phan. Sau

mdi 14 tich phéan tig phan béac da thirc s& giam di mot don vi.

Nhém 3: gdm nhiing tich phan ma ham s6 dudi dau tich phan c6 dang: esinbx, e**cosbx,
sin(Inx), cos(Inx)....

C6 thé chon u = ¢™ hoic u = sinax, u = cosbx, u = sin(Inx)... Sau hai 1an tich phan
timg phan ta lai thu duoc tich phan ban dau véi hé sb nao d6. Do 1a phuong trinh tuyén tinh

V&1 an 1a tich phan can tim.
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Vidu 1: Tinh J.\/; . arctg(v/x )dx

Giai: Tich phan da cho thugc nhom 1.

. 1 dx 2 2
bat u = arct \/;,dV:\/;dx.KhldéduZ—. , Vv=—Xx2,
; g +1 2% 3
Do d6
2 2 1 x 2 2 1 1
1= —x2.arct \/_—— ——dx = —xZ.arct \/_—— l-——dx
3 AR TR Tk 3 SRS

3
ngz.arctg\/_—é(x—ln|1+x|)+C

Vidu 2: Tinh I = Iarcoszxdx

2arccosx

V1-x?

Giai: Dit u = arccos’x, dv = dx. Khi d6: du = — dx,v=x. Ap dung cong thirc tich

phan timg phan ta c6:

Xarccosx
ﬁdx: x.arccos’x + 2.J
1-x

xdx

V1-x?
dx

2
du= - — == xdx :—Id(l_x):—\ll—x2+c vatachicanlayv=- v1-x*.

b V:
J1-x2 I\/1—x2 21-x3
Vay I = —J1-x° arcosx—J.dx:—\ll—x2 arcosx -x +C'

I = x.arccos’x + 2J.

Dé tinh tich phan J ta dat u = arccosx, dv = . Khi do6:

Vay I = x.arccos’x + 2+/1—x*arccosx - 2x +C'
ay

Vidy 3: Tinh I = [x*sin3xdx.
Giai: Tich phan da cho thudc nhom 2.

Dit u = x%, dv = sin3xdx. Khi d6: du =2xdx, v= —%cos3x . Ap dung cong thirc:
I= —lx2c0s3x+zjxc0s3xdx = —lx2c0s3x+zJ .

3 3 3 3
Tinh J. Patu=x, dv=cos3x. Khi d6: du =dx, v= %sin?sx . Vay

I=—lxzcos3x+2 lxsin?ax—ljlsin?axdx =—lx2c0s3x+2xsin3x+icos3x+C.
3 313 3 3 9 27
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Vidu4: Tinh 1= J.e“cos3xdx

HD: Day la tich phdn thuoc nhom 3. Dat u = e hodc u = cos3x

Vidu 5: Tinh [ = Isin(ln x)dx HD: Bat u = sin(Inx) va dv = dx
Vidy 6: a) Tinh I= 2"
sin” x
. dx .
b) Tinh I,=[———— ; neN,a>0
(x"+a’)"

¢) Tinh J.\/x2 +bdx

Huéng dan giai vi du 6

a) Tich phdn nay khéng thudc bat cir nhém ndo trong ba nhém da néu. Tuy nhién ta cé thé

dx

sin’ x

tinh bang cdach datu =x va dv = . Khi do du = dx va v = -cotgx.

b) batu(x) = —, dv = dx. Khi do:

R
(X2+a2)

X x2dx
"y T
(x> +a’)" (x*>+a’)"

X dx dx
=+ 2 _ 2
(XZ +a2)n n|:_[ (X2 + aZ)n a I(X2 + a2)n-¢—1j|

X 2
= ———+2nl1,—2na". I,
(x* +a’)" .
1 1-2
Vﬁy In+1 = 2, 2 . 2Nn ?In
2na” (x"+a’)" 2na
Ap dung cong thirc truy hoi ta c6 thé tinh ; qua I, , I qua I,...véi I;= j 2d)C =
X +a

¢) Patu=+x*+bvadv=dx

Chii ¥: D6i v6i céc tich phan dang: IPn (x)e‘“‘dx,je“" (Mcospx+Nsin fx Jdx, ngoai phuong
phap tich phan timg phan, ta c6 thé tinh dya theo nhan xét sau:

+) _[Pn (x)e”™dx c6 dang _[Pn (x)e”dx = Q_ (x).e”™ +C trong do Q,(x) la da thuc bacn.
+) Ie‘“‘ (Mcospx+NsinBx )dx c6 dang

Ie‘“‘ (McosBx+Nsin Bx)dx =e” (AcosBx+Bsin BX) + C.
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Pé xac dinh cac hé sb cua da thirc Q,(x) va cac hé sd A, B ta lay dao ham hai vé cia timg
dang thirc va cin bang hé sd cua da thirc, cospx, va sin fx ¢ ca hai vé.
Vidu 1: Tinh [ = Ie‘zxcos3xdx.
Gidi: TacoT= [e™cos3xdx =e*(Acos3x+Bsin3x)+C
Pao ham hai vé theo x:
e cos3x=—2.¢"" (Acos3x+Bsin3x ) +e~* (-3sin 3x + 3Bcos3x) +C'

& c083x=—2(Acos3x+Bsin3x ) + (-3A sin3x + 3Bcos3x)

2A+3B=1  |AT 3

Can béng hé sb cia cos3x, sin3x ¢ hai vé, ta co hé: =
-3A-2B=0 B 3

13
A 2% _2 3 .
Vay I = e (—cos3x+—sin3x)+C
13 13

Vidu 2: Tinh 1= j x2.e™dx
Giadi: Taco 1= J.xz.e“dx = (ax2 +bx+c) ¢™ +C. Pao ham hai vé, ta ¢o:

[=x%"= [(ax2 +bx+c).e3"]+C'

= [321)(2 +(3b+ 2a)x +(b+3c)}
Céan bang hé s6 hai vé ta cd a=1/3,b=-2/9, c =2/27. Vay

I= J'xz.e3"dx=[lx2_—2x+ije3" +C
3 9 27

3.1.4. Tich phin mét sé ham sé so cip.
3.1.4.1. Tich phan cac ham phan thirc hiru ti.
e Dinh nghia 1: Cac phan thirc hitu ty co ban la cac phan thirc c6 dang

A x
@ - A,a:const, ke N
(x+a)
Aln|x+a|+C khi k=1
o A
Khi do [ —dx =1 A o .
x+a) E(X-l—a)_ +C khi k=1
@ 2 veipt-4q<0
X +px+q
2
Khidétaviétx2+px+q=(x+a)2+B2Véiazg, ﬁ:%
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A
Vay J.z—dX=AJ. dX2 - =—arctg +C
X" +px+q (x+a) +p° B
@  MENiptoag <0
X" +px+q
Tacé:J.}\/IX—JFNdx:MIn(XZ+px+q)+(2N_Mp)arctg 2X+p +C
XT4px+q 2 J4q-p’ J4q-p’
@ 2B 6iptodq<0, keN,(k>1)
(x"+px+q)
2
D6i voi I = [ _dx thitaddibibnt=x+2, a= q-2 knido tich
(x"+px+q) 2 4
; dt
han duogc dua vé d L= | ————.
p : vé dang Iy j(t2+a2)k
; t 1 2k-3
St dung cong thire truy hoi : [, = = -
Hng cong y “ 2a'(k-1)(t*+a®)*"  a® 2k-2
a1 t
Voi 1= = —arctg— + C
: J.teraz a ga

Thong thuong ta chi xét d6i véi k = 2.

e Dinh nghia 2: Phén thirc hiru ti chinh quy ( ti gian)

£ ()
0,(x)

thure bac n, Q,(x) 1a da thurc bac m.

Phan thirc hiru ti

goi 1a chinh quy ( ti gian) néu n < m trong d6 P,(x) 1 da

Vidu: x2+3x+7
: X =2x*=2x-3

Dinh Iy : Moi da thirc Q,,(x) déu c6 thé phan tich ra tich céc thira sb 1a cac da thirc

bac nhat va bac hai . (tirc 1 cac da thirc co dang x +a vax’+px+q;p°—4q<0)

Vidu :
> x* +4x -5 = (x=1)(x+5)
> x4+ 2xF - 3x -4=(x+1)xX*+x-4)

> 2x - 3% + x +6=2(x+1)(xX - %X +3)
Dinh Ij: Moi phan thirc hiru ty chinh quy déu phan tich duoc thanh tong hiru han

cac phan thire hiru ty co ban
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Do d6 viéc tinh tich phan cac phén thirc chinh quy tré vé tinh tich phan cac phan thirc don

gian dang (1), (2), (3),(4)
Vi du:
j 2x+5 A B

x=|——dx+
(x+1D)(x+2) x+1 x+2

dx

> J‘(2X +X+1) dx J‘ A J‘ B dX+I C x
(X 1) (x-1)? (x-2)

(x-1)°(x-2)
> J- (2X+1) X=J. J-BX+C
(x=D(x*+1) (x—l) x +1

> J- (2X—3)

: : X=J. A X+J-BX+Cd +J. Dx+E
(x-Dx"+1 (x-1)

x*+1 (x*+1)°

Céac hé sd A,B,C.... duoc xac dinh bang phuwong phap can bang hé sb cac liiy thira hai vé.

e Phén thirc hiru ty

La phan thtrc c6 dang 0, (( )) Trong do: Py(x) 1a da thirc bac n , Qu(x) da thuc bac m

+Néu  n<m =>1a phén thirc chinh quy

£ () R, (%)
0,() 0,(x)

Nhu véy viéc tinh tich phan cac phan thirc hitu ti trd vé viéc tinh tich phan cc phan thirc

+Néun>m=> Thyc hién phép chia da thure ta ¢o : ,vo1 k<m

= FE(x)+

don gian.

3.1.4.2. Tich phin mdt s6 ham vo ti.

e Tich phin dang J'R(x,k\l/(::;j k\/(z;c:z)k/\/(::zj )dx

trong do k; e N",m, € Z.

Phwong phap: Goi k = BCNN (k;, ks, ... k;) datt—k/axis.
Vi du:
(1) J.x3\/1—xdx datt=+1-x
2 [ Vxx‘ldx datt= Jx—1
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1 L[x+1 ST x+1
(3) j(x E Xt dx datt= 3
(4) J‘X+\/_+\/_ dﬁtt:({/;

(\/; +1)x
hoac J.\/ ax’ +bx + cdx

e Tich phan dang j

Vax* +bx+c

Phwong phap: Ham +ax? +bx+c¢ c6 thé dua vé 1 trong 2 dang sau:
(1) u”+p khia>0.

(2) a*-u’khia<0

Khi d6 hai tich phén trén tré vé mot trong 4 dang tich phan sau

J- X(ierB =1n‘x+ﬁ‘ +C

-
J.\/xz +p =x—“x;+ﬁJrgln()ch/)c2 +p)+C
j\/OCz —x’ =#+%2arcsin£+C

a

= arcsm — + C

Vi du: Tinh céc tich phén sau:
dx B 1 _d(@2x+3)  _

dx

1) =
J.\/4x2+12x+5 I\/[(zx)2+2.2x.3+32} +5-3 1/ [2x+3] - 4
- %ln‘2x+3+\/4x2+12x+5‘+c

) dx B dx 1 d(2x+1) _
)Ix/8—42—4 _I\/ /
x"—4x [(Zx) +22x+1 +1+8 2x+1
= %arcsinzxle + C

3) I\/9x2 +12x +5dx = j\/[(3x)2 +23x2+2° |- 2"+ 5 dx =§j,/[3x +2] +1d(3x+2)

l3x+2
3

- 3X6+2 9x2+12x+5+%ln‘3x+2+ 9x* +12x + 5‘ +C
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— 2
4) J.\/7—4x2—6xdx= J.\/— (2x)2+2.2x%+%}+%+7 dx=%J. 3277—{2x+%} d(2x+ E]

2

— 3 :ﬁ 2x+ —
11 3 37 3 4 . 2
= ——|2x+ = |, |——|2x+=| + Y~ arcsin——— + C
22 2 L 2 2 37

V37
2

= 4X+3\/7—4x2—6x +£arsin4XJr3 + C
8 8 J37

e Tich phan dang I%dx, P,(x) la da thirc bac n >1.
ax" +bx+c

Phwong phép: Dé tinh tich phén trén ta cé thé sir dung cong thirc:

P, (x) dx
W) gy =Q, (x)Vax 4 bx e+ A [ (%)
J"\/aXZ-‘rbX-i-C (%) J‘\/aX2+bX+C

Trong d6 Q,; 12 da thirc c6 bac nho hon bac ctia P,(x) mot bac va 2 1a hang sé chua biét.
Pé xé4c dinh cac hé s6 cla Q..1, va A ta thuc hién nhu sau:

> LAy dao ham hai vé ctia (*), ta c6:

P (x) 3 2ax+b A
———=Q' ,(x)Vax"+bx+c +Q, ,(x). +
Vax? +bx +c¢ 1( ) 1 2\/ax2+bx+c \/ax2+bx+c

Hay P,(x)=Q',,(x).(ax* +bx +c)+Qn_1(x).(ax+gj+k (*%)

» Can bang cac hé so cua x ¢ hai vé ta tim dugc cac hé¢ so cua da thirc Q,.; va 1.Bai

toan trd vé tinh tich phan dang 2.2

Vi du:

S5x+3 dx
1 = dx=aNX+2x+5+ | ——
) J.\/x2+2x+5 J.\/x2+2x+5

3 2
2) J-12x 162 +9x+2dx:(ax2+bx+c)m+lj

Vax +4x+2

dx
Vax® +4x+2

dx

(x—oc)’”\/aoc2 +bx+c

e Tich phan dang J.

Phwong phap: biat x—a = % ta dua tich phan trén vé dang 2.3.
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dx
(x=3W5x> +2x+1

Vi du: Tinh 1) |

2) J' dx
(x+2)*Vx* +2x-5

e Tich phan dang 1 =J.(Ax+B)\/ ax® +bx+c dx
Phwong phap:

+ Ta cé (ax2 +bx+c)' =2ax+b

a 2a 2a

+Khido 1= ?J‘\/axz +bx + c.(2ax+b)dx +(B—§—bjjxfax2 +bx + cdx
a a
= A.%.(ax2 +bx+c)3/2 +(B—A—ij.\/ax2 +bx +cdx
2a 3 2a

+ Bién dbi: Ax + B = Zi(zmb b)+B =2 (2ax+b )+(3—ﬂj

Vi du: Tinh cac tich phan sau

1) j (5x + )V4x? + 4x + 5dx
2) j (3x = 2)V—4x> + 4xdx

3.1.4.3. Tich phan cac ham lwgng giac dang: [R(sinx, cosx)dx
e Phwong phap chung

Ditt=tgd => dr= tzzdfl
J’_

2% . 1—#

sinx = ; COSX =
1+¢* 1+¢

Vidu:

1 _dx_ Att=tgX => gx= 24t
(M sin x da g2 dx 2 +1
2 dx dtt=tgX => y= 24!
2) 2sinx +cosx +1 dg €2 d 2 +1
3) sin x +cosx + 2

2sinx +cosx+1

J'aISIIlX-i-blCOSX'i‘Cl dx

HD: Bién doi theo dang: -
a,sinx+b,cosx +c,
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a,sinx +b,cosx+c, AL B(a,cosx —b, sinx) n C

a,sinx+b,cosx+c, a,sinx+b,cosx+c, a,sinx+b,cosx+c,

Dat

Trong d6 A, B, C xé4c dinh theo phuong phap can bang hé s hai vé.

e Mt s6 trwong hop diic biét
>  R(sinx, cosx) 1a ham 1¢ d6i voi sinx. R(-sinx, cosx) = - R(sinx, cosx)
bat t = cosx

Vi du:

3 3
(1) [sinx.cos’xdx = -[t’dt= - % 1 C= co; X,

cos’x+1
2) J. sin x dx

» R(sinx,cosx 1a ham 1¢ d6i voi cosx: R(sinx,- cosx) = - R(sinx, cosx)

bat t = sinx
Vidu:
3
1 CoS” X 7
) I sin® x
2) J' —Sm X.COSX gy dit t = sin’x + 4 > 0 => dt = 2sinxcosxdx
sin” x+4

> R(sinx, cosx) 1a ham chén ddi v6i sinx va cosx tirc R(-sinx, -cosx) = R(sinx, cosx).
Dat t=tgx (hoac t= cotgx)
Vidu:

.2 3
1) J'sm X Iy 2) J'sm X Jyx

cos’ x cos’ x

> R(sinx, cosx) = sin™x. cos"x trongdé m, n chin va m.n>0
Ta dung cong thire ha bac

5 1+cos2x . 1—cos2x . 1 .
cos X=T ; sin” X =T; COSX Sinx :5s1n2x

Vi du:

12 reoshxd = L [sin? 2xdr = L [(1 - ST
J.sm xcos xdx—4J.s1n 2xdx 8J.(1 cos4x)dx g ¥ ~3,5in x+C

> Dang [sinax.cosbxdx = % [[sin(a + b)x + sin(a — b)xix
J.sinax.sin bxdx = %J.[cos(a —b)x —cos(a + b)x]dx
Icosax.cosbxdx = %J‘ [cos(a + b)x +cos(a — b)x]dx
Ta dung cong thirc bién d6i tich thanh tong
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BAI TAP : PHAN TiCH PHAN BAT PINH

Bai 1. Dung bang tich phan bét dinh co ban tinh céc tich phan sau:

J(l X)

2. j(ax +b")dx

3 I (1+—x)
x(1+ x? )

mdx

J. 3J(a + bx)?

4.

Imwﬁ
> \/1 b

(DBS: arcsinx+In

10 J'\ll—i-x —J1-x7
. =
(bS: ln‘x+\/x —1‘—ln‘x+\/x2+1‘+C)

11.[“4 42

X +x+ 1
——dx BS: In|x|-———+C
x3 ( | | 4x4 )

x+/1+x?

+C)

3x_ 2x

12. [2 e @S Sret4140)
e - 2

17. [£X (©S: In(1 + ¢Y+0).
1+e"

18. [sin’ de ®S: —% )

19. j cotg’xdx (DS: -x — cotgx + C).

20. J.\/l +sin2xdx, x e (0;%}

(PS: -cosx +sinx + C

COSX

21. I esinxdx  (BS: - +C)

22. Ie‘.cose"dx (BS: sine* +C)

23. [——a

BS: g2 +C)
1+ cosx 2

5.
J.1+s1n)c
6. (x>0)
J.x\/)c2+1
dx 1 |x-1] 1
7.J.x4_1 (DS.ZIHE‘_EarCth"‘C).
8_'. 1+ 25" dx (DS: aI'Cth—l-‘rC)
1+x
3r
2 ] 2122 =
13. d PS: = | =422 |+C
J Ty )
14. I arctg C)
2+1n x \/_ \/_
3f1.2 5
15. [ X0 ®S: 2 x)
X 5
e +e*
16.[ dx (DS: —e* =2’ ~1|+C)
1-¢€*
1
24. I+dx
sinx + cosx
1 X 7
bS:—nltg| =+= ||+ C
( Noka g(z 8} )
25, [HOX g BS: —————+0)
(x+sinx) 2(x+sinx)
sin2x
26. dx (BS: ——\/1 4sin’ x +C)
J.\ll 4sin’ x
27 sinx
J.\ll 2s1nx
(DS:—ln‘costr 1+cos’x|+C)
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Bai 2. Str dung phuong phap dbi bién sb hay tinh cac tich cac tich phan sau

1. Isin(2 —3x)dx

15. |

2. Ix3(1 —2x*) dx

dx
3. [———
I (x+1D/x

¢ dx

Chi dan:Pat e* +1 = t*.

16. I 1+lnx (122\/1+lnx—ln|lnx|+21n

4
[=—
( 21

(3¢ =4)e' +1y’ + ),

‘\/1+lnx—1‘+C)

xIlnx
xdx
4,
J.m 17. Iarctg\/_ d (I:(arctgx/;)erC),
x 1+x
SJ- sin 4xdx ,
cos’ 2x +4 18. J.\/el”—i—ezxdx ( zg(ex'i'l)m-i-C)

V3x+5
X

6. j dx

7. Itg3xdx

8. J.x3\/a—x2dx

19. |

20.

2
X —X

9, j(x_2)3

/x—l dx
10. | ,|———
J. x+1x2

dx
11.jm
J-(x+1)dx
x(1+xe)

dx

; (x=sin’7)

;(t=1+xe")

, (Pt x =a.tgt

, (I =tg(arcsinx)+C)

dx
Vve' —1

Ji- 4‘

arcsin2”

(I =2arctgve” —1+C)

1= +C
( In2 )
22. J.Lm (Izizsin(arctgijJrC)
(x2+a2) .
HD: bat x = atgt, t e(_l;lj
2°2
P (= Cor=arcsint 4
(xz_l) cost
batx = B ——<t<0 0<t<—)
sint 2 )
2 2
24.J. X dx (Iza—arcsini_ferC)
a’-x 2 a 2

HD: Patx =asin t

25. J.xzvar2 —x*dx

a+x
26.[ /a_xdx,

HD: batbatx =asin t

T T
HD: bBat x =sint, te( EEJ HD: Dit x = a.cos2t hodct= 4%
a—Xx
3
27. [ A&, HD:Dgtt= 2 .
V2 —x?
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Bai 3. Dung phuong phap tich phan timg phan tinh céc tich phan sau:

1) Ixzarctgxdx 2) I(x2 +2x+3)cos3xdx  3) Ix3 In® xdx 4) I(x3 +2x% +1)e dx
5 [T g 6) [e(cosdx—sindndr  7) [sindfxdx ) j “””tgx
X
arctgx
9)_[ xe / 10) J.xzsin(lnx)dx 11)J-)cln(er\/Ier ) d 12)I arcsin x
(1+x2) Jl+x Ja-x

Bai 4 .Tinh tich phin cac ham hitu ti sau:

2 3 2 _
) j 2x +x+3 i 2)J-Sx 17x3 +18x de
X +3x7 +3x+2 (x—l) (x-2)
2xdx
Ol Froeveres >I
I+ x)(1+x7) x+1)
7)_.. 3xt +5x+12 dr 3) 3x+5

x+3 x+1)

Bai 5. Tinh tich phan cac ham lugng gidc sau

cos? xdx

(x2 +2x+ 2)2

I)J' 'dx

3+5sinx+3cosx

cos’ x
4 dx
) I sin x

Bai 6. Tinh tich phén céac

»ﬁiﬁ

/1 X
4)". 1+x by

J' S5x+1

\4x? +4x+2
10) [(3x+4)—4x + dxdx

13. | d

(-2 453

2) J.sin2 X +4sin xcos x

) J' dx
3sinx+4cosx+5

ham vo ty

§x
2
)J.1+€/;
dx
5)J.(l—xz)
—4x+2

dx

8
)j\/ ox> +12x-3

ll)J. 3x° +2x+1

VxP+4x+13

dx
14.
) J.(x+1)2\/x2 +x+1

60

J' # dx
(x*+D)(x"+9)
J- (Bx +1dx

(x +1)

dx

sin 2x
3
) J.cos3 x—sin®x—1

6)J'( dx

3+ cos5x )sin 5x

3)-“ dx
V1=2x —3¥1-2x

dx
6) [—=
) J.x3 [x2 _1
9) J.(—.’))c4r7)\/x2 +4x + 5dx

—4x* +5x* +3x+1
12) dx
J. V-4x* +4x
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3.2 Tich phan xac dinh

3.2.1. Dinh nghia tich phdn xdc dinh
3.2.1.1. Bai toan dién tich hinh thang cong
Cho ham sd y = f(x) xéc dinh, lién tuc trén [a,b]. Gia sir y = f(x) khong am trén [a,b]. Xét
hinh thang cong AabB 14 hinh giéi han boi d6 thi ham sé y = f(x) trén [a,b], cac dudng
théng X =a, X =b va truc ox.
Ta xay dung cong thtrc tinh dién tich hinh thang cong do.
Chia [a,b ] thanh n doan nho tuy y boi cac diém chia:

Xo=a<x; <X <..<Xp1<X,=b.

Trénméidoannhé[xi_l,xi] léydiémtu}‘/y §ie[x x} ; i=1,n

=127

Dién tich ctua hinh ch@t nhat c6 hai canh: Ax, =x, —x

i i-1

va f(&)vér  i=1,n la
S; =1(§;).Ax;

Khi d6 dién tich S ctia hinh thang cong x4p xi bang tong dién tich cc hinh chit nhat S;.

S~ isi = Zn:f(gi)'AXi
) )

Néu sb diém chia n — +oo sao cho max Ax; — 0thi tong Zf (€,).Ax, dan t&i dién tich
i=1

S - dién tich hinh thang cong.

Vay S=lim ) f(€,).Ax,
n—+oo iml

Y oA
o e TP
/ Lf/_f’l}_f'v"'a.._ y = flx) —
f I Sl e
[ il
! oA
A /,.A"f./
s
//_z’, f-;
f'.'{.-"}..
|" & }!:' . -
(0 a B & ox b X
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3.2.1.2. Dinh nghia tich phan xac dinh
Cho ham s6 y = f(x) x4c dinh trén [a,b ].

% Chia [a,b ] thanh n doan nho tuy ¥ boi cac diém chia:

a=X,<X; <X, <..<Xp1<X,=b.

% Goi tén va d0 dai doan [xi; x;] 1a Ax,

% Trén moi doan nhd [xi., Xi] léy diém tuyy & e [xl._l,xi] i=1, n
M&i phép chia doan [a, b] va cach 1iy diém & nhu vay dugc goi la phép phan hoach
doan [a, b]

< Laptong I, = Z f(&).Ax, -1, dugc goi 1a tong tich phan thi n cua f(x)
i=1

Néu lim I =1 va khong phu thugc phép phan hoach [a, b] thi T duogc goi la tich
(max Ax; —»0)

b
phdn xdc dinh cia ham (x) trén [a, b], ky hiéu la: J'f (x)dx = 1

b n—1
[f(x)dx= lim I = lim  f(§).Ax,

(max Ax; —0) (max Ax; —0) =0
Khi d6 ham f(x) 1a ham khad tich trén [a, b].
[a, b]: Khoang l4y tich phén.
a: can dudi.
b: can trén.

x: bién lay tich phan.

Pinh li: (Diéu kién kha tich)

Moi ham s lién tuc trén doan [a, b] déu kha tich trén d6

2
Vi du: Dung dinh nghia tich phén tinh J' xdx .
1

Gidi:

2
Co f(x) =x lién tuc [1,2] = f(x) = x kha tich trén [1,2]. Vay toOn tai J'de
1

Chia déu [1,2] thanh n doan nho boi cac diém chia:

1. 1
X, =1l+— 1=0,n => Ax,=x_,-x=—
n n
Chon & =x.
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3 S iy1 1 1 2 n-1 n(n-1)
I, =) f(§)Ax, = I+—|— =—|1+(+=) + (I+)+...+(+—) | = 1+
L= LI AX Z( an n{(n)(n) ( n)} =
. . -1, 3 [ 3
Suyra lim/ =lim(1+2—)=2 Vay [xdx ==
Y na+’olo ””*“’( 271) 2 y'!. 2
e 1
Vidg  Tinh 1= [—dx
1

X

I . .
Gidi : doham — lién tyc trén [1 , 3] =>kha tich trén [1 ,3 ] => ton tai lim7, =>

X n—>+0
chon mot cach chia doan [1, 3 ] va cach lay cac diém €, thuan loi :
N . 2i 2
o Chiadéu [1, 3] thanh n doan nhod bdi cac diem  x; =1+ LN Ax, =—
n

o Chon cac diém & = /x_ .x, => & €[xi, X|]
o Lap téngI,= %Zn:% = EZH“ 1 = Ez‘{L — L};

posy| Lt 1t 1 1 A1
' =X X X, X X, X, X X
1 3
L=—-—=1--== => lim/ szﬁy J.dexzz
X X 3 n—>+90 3 1 X 3

e Néu ham f(x) xac dinh trén [a, b] va c6 mdt s6 hitu han diém gian doan loai 1 trong
[a, b] thi f(x) kha tich trén [a,b].

e (Cac ham so0 so cap déu kha tich trén moi doan con thuoc mién xac dinh cua né.

3.2.1.3. Tinh chit ciia tich phan xac dinh.

1. ff(x)dx =0,

[\

: j.f(x)dx = ])' f(t)dt

(98]

b c b
. Véibatkic e(a, b) tacod: [f(x)dx=][f(x)dx+[f(x)dx

4. j' f(x)dx=— j: f(x)dx

(9]
QO — T

b b
[af (x) +Be(x)]dx = o[ £ (x)dx +B] £ (x)dx v6i oB 1a cac hing sb, f(x), g(x) 1a cac

ham kha tich trén [a, b].
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6. Giasir f(x), g(x) 1a nhitng ham kha tich trén [a, b]. Néu f(x) < g(x) voi V x€[a, b]
b b
thi [f(x)dx <[g(x)dx

7. Gia su f(x) lién tuc trén doan [a,b]. r[nlbl]l f(x)=m, 1\[/[%])( f(x) =M. Khi do:

m(b-a) < .T'f(x)dxé M(b-a)

8. (Dinh ly gia tri trung binh).
Gia st f(x) lién tuc trén doan [a,b]. Khi d6 ton tai it nhat 1 diém & [a,b] sao cho:

[f(x)dx = f(g)(b-a)

3.2.2. Cdac phwong phap tinh tich phan xdc dinh

3.2.2.1. Tich phén xéc dinh véi cin trén thay doi
Pinh Iy : Néu ham f(x) lién tuc trén [a, b ] thi ham ¢(x) = J.f (t) dt s€ lamot

nguyén ham cta f(x) trén [a,b ] (trcla ¢'(x) =f(x) V x €[a,b] )

3.2.2.2. Cong thirc Newton- Leibnit.

Gia sir ham s6 y = f(x) lién tuc trén [a, b] va F(x) 1a mot nguyén ham cia f(x) trén
b
[a, b] thi: [f(x)dx = F(b) - F(a) = F(x)|

Chi y  Diéu kién vé tinh lién tuc cia f(x) khong thé thiéu trong khi ap dung cong thirc
Newton- Leibnit
Vidu:

% 2

1. Tinh J'cosxdx = sinx 3/4 7
0

1 1 T
2. Tith. ~dx = arctgx|1 = —

o l+X © 4

1 1
3. Tinh [x(2-x)" dx= Loy oL 2L

) 26 , 26 26 26
4 j‘ xdx ln(szrerl)|1 _ll dx

Y+ x+] 2 |_1 2_1(x+l)2+
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In3 1 2x+1 W3 w n3 =«
- —=arctg—— =

2B BL T2 3 e 2 6

5. (x3 +2x° —1).e'3xdx

© — —

Nhdn xét:

+ Néu f(x) c6 hitu han diém gian doan loai 1 trong doan 1ay tich phan, khi d6 ap dung tinh
chat thir 3 ta din vé tong cta cac tich phén trén cic doan nho ma trén cac doan d6 ham
dudi du tich phan lién tuc, nén ap dung cong thirc Newton — Leibnitz cho timg tich phén.
+ Can phdan biét hai khdi niém: tich phan bat dinh 12 mot ho ham sé, con tich phan xac

dinh 1a moét gid tri xdc dinh.

3.2.2.3. Phuong phap tich phan tirng phin.

Cong thirc: Gid st ham u = u(x), v = v(x) l1a hai ham kha vi lién tuc trén [a, b]. Khi do:

b b
fudv="uv| * - [vdu
Vidu: Tinh cdac tich phdn sau:

e 2
1.I|1nx|dx; 2. [xcosxdx; 3.
0

1/e

. / X
arcsin, | —dx;
1+x

xarctgxdx ; 4.

c>'—.§|

O C—

3.2.2.4 Phwong phap d6i bién sb.
e Phuong phap d06i bién t = ¢(x)

trong d6 ¢@(x)thod man la ham kha vi lién tuc, don diéu trén [a, b]. Khi do:

b o(b)
[fle(x)e'(x)dx="[f(t)dt
a ¢(a)

Vi dy.

9
1. Tinh: Ix.{/l—xdx ) bit t=3/1-x

1

7 1 X
2. Tinh | ———dx. Datt=tg=
b 3+cosx 2

T dx
3. Tinh Datt= Vx> -1
-J; xvx? =1

1
4. Tinh j xS A1+ 3x%dx Patt= v1+3x°
0

3/4 dx 1
5.Tinh | ——M——— batt= —.
‘([ (x+1)Vx +1 x+1
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Chuy:

Diéu kién don diéu cia ham f(x) 1 khong thé thiéu trong phuong phap d6i bién t = ¢(x)
A

Vidu: Tinh I = I cosx sin” xdx
%

e n e A A T W e s
Néu dat t= cosx ( khong théa man tinh don di¢u trén [T , E} va khi do

0
j ty1-t2 dt—— (1-t*) L1 ( két qua khong dung )

)5 Vg 6\/_

£ < . , ~ Ly A ~ —T T C 4
Neéu dat t = sinx - théa man tinh don di¢u trén [T , 5} khi do

N

1 1
) 1
= J. cosx sin’ xdx = J. t’dt = —t°

T Vi Y
e Phuong phap d6i bién x = y(t)

1 11 )
= —4 —— (Kétquadun
3 642 (ketq g)

Xét phép d6i bién x = y(t) trong d6 y(t)1a ham théa man cac diéu kién

y(a)=a
v(P)=b
+ Khi t bién thién trén [, B ] thi x bién thién trén [a, b].

Khi d6: j f(x)dx—wjb%(w(t))w (t)dt

v(a)

+ y(t)co dao ham lién tuc trén [a, B] vO1 {

Vidu I: Tinh cac tich phan sau :

4 1
1) J.\/4—x2dx . Doi bién x = 2sint 2) J.L/z bat x = tgt
0

(1+x2)3

Vi du 2 : Ching minh rang

a) Néu f(x) lién tuc trén [a, b] vanéu :
e f(x)1a ham s0 chin thi [ f(x)dx=2[f(x)dx
-a 0
o fix)lahamsdléthi [ f(x)dx=0
a+T

T
b) Néu f(x) 1a ham s6 tuan hoan chu ki T>0 thi [ f(x)dx = f(x)dx
a 0
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3.2.3. Ung dung ciia tich phén xdc dinh.
3.2.3.1. Tinh dién tich hinh phing.

*) Dién tich hinh thang cong.

Hinh thang cong gi6i han béi cac duong
x=a, x=Db,(a<b)
y=0, y=1{(x) v6i f(x) 1a ham lién tuc trén [a,b]
khi d6 hinh thang cong ¢6 dién tich tinh bdi cong thirc:

S = T|f(x)|dx

* Dién tich hinh phdang:

- Hinh phang gidi han boi cac duong:
x=a,x=b vdia<b
y=1i(x); y=£H(x) voi fi(x), f2(x) 1a nhitng ham lién tuc trén [a,b]

khi d6 hinh phang s& c6 dién tich S dugc tinh boi cong thirc:
b
S= Hf1 (x)-f1, (x)|dx

Vi du: Tinh dién tich hinh phang gi¢i han béi:

= 2— + =O 2:
1 y=2x"-3x+4 2) X+y 2 3) y2 8 (1)
y =3x y=2Xx-X x =4y (2)
4) y=|lnx ,y=0,x=l,x=e 5) y= 3x"+12x -9, y=2x"-8x+6
e

Giai l):

Xéc dinh hoanh d6 giao diém hai dudng cong trén chinh 1a cac gié tri can trén , dudi
trong cong thirc tinh dién tich hinh phang .

Cod 2x*-3x+4=3x<=> 2x’-6x+4 =0

=>x,=1 va X, = 2 => dién tich hinh phang 13

S= ﬂzpﬁ —6x+4\dx = — i(zx2 —6x +4)dx
1 1

2

= —[%)8 - 3x* + 4X}
3

1
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Giai 3)
Xéc dinh toa do giao diém hai dudng cong trén qua viéc giai hé phuong trinh :
y=8x () __ ‘
) =>lay p.t (2) thay vao p.t. (1)=>
X=4y ()

x =16 .8 x => cac hoanh do giao diém X =0va x,= 43/5
=> ¢ c4c giao diém M;(0,0) va My(43/2, 43/4)
2
=8x 1
Tirhe | 0
x"=4y (2
ma bién x trong khoang [0, 43/21, va bién y trong khoang [0, 43/41

2
X

dodotlr y=8x=>y=+/8x va X’ = 4y => y=",

ap dung cong thirc tinh dién tich ctia hinh phang :

432 2 3
dx = J.(\/?TX—XTjdX ={&x2 — i)@}

) 3 12

42 “h

= |

2

N

0

= #N/m.\/ﬁf —é(4.ﬁ)3= %[2‘3‘ —lj (dvdt)

C6 thé tinh dién tich hinh phang 1y tich phan theo bién y :
p.tduong cong (1) x=y* /8 ,do x trong khoang [0, 4%/5] nén p. t duong cong
Q)la x=2,fy
4| 2
| % - 2y| dy

4

=> ¢ong thirc tinh d.t hinh phang : S =
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3.2.3.2. Thé tich vét thé tron xoay
> Mot vat thé tron xoay tao ra khi quay xung quanh truc ox hinh thang cong dugc giéi
han boi cdc duong x=a, x=b ;(a<b); y=fx), y=0

Khi @6 thé tich ctia né duoc tinh bai cong thire:

b
V=n[f?(x)dx

» Tuong tu:
Mot vt thé tron xoay tao ra khi quay xung quanh truc oy mdt hinh thang cong dugc

g161 han béi cac duong x =g(y), x =0, y=a,y=b (a<b)

Khi @6 thé tich ctia nd duoc tinh bai cong thire:
b
V=r[g*(y)dy.

> Vit thé tron xoay duoc tao béi khi quay quanh Ox hinh phang gii han boi cac duong
y=hx), y=hHx), 0= fix) = HX),

X =a, X = b dugc tinh bdi cong thirc:
b
V=7 (11,2 (0) - £; (x))dx

Vidu I:
Tinh thé tich vat thé tron xoay khi quay quanh Ox hinh phang gi¢i han béi:
e y=3" y=3, x=0

Y &

:II." = 3}{ X
3| ¥=3 / C6 thé tich ctia vat tron xoay : V = TEJ.(?)Z — 32X)dX
0

A

o y=x-4x+3,y=0,x=0.

Y4 v=x- 4x +3 ,

\ ’ Co the tich cua vat tron xoay :
3

3 V:TEJ.(XZ—4X +3)2dx
0

o [1 V3
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e y=x"-6x+8, y=0.
e y=2x—-%, y=0
o y=x’; y=12-4x; y=0; x>0
o y=9-x; 9x+2y-18=0
3.2.3.3. D¢ dai dwong cong
- Gia st cung duong cong AB c6 phuong trinh y = f(x) v&1 f(x) lién tuc va c6 dao ham

lién tuc trén doan [a,b]. Khidé do dai cung AB la:

b
Lap=[/1+1"(x)dx .

, =x\t
- Gia st cung dudng cong AB ¢ phuong trinh dang tham so {x x(( )), tela, B] .
y=ylt

s
Khi d6 do dai duong cong AB1a: Ly :J.\/(X'(f))2 +(y'(t))2 dx.

a

Chiz y : CO6 vi phan cung ds = \/dx* + dy’

Co As = \/(AX)2 +(Ay)2 =

ds = /dx” + dy’

do vay

> Néu duong cong cho béi phuong trinh tham sé =>

ds = \(x(0) +(y'(1)) dt

> Néu duong cong cho bai phuong trinh: y = f(x) - ( khi d6 coi nhur dang tham s6 :

2

x=t;y=1f{t)) =>ds= l+(y'(x)) dx

B
Do d6 do dai cia cung AB1a Lag= [ds =>Lap=| \/(x'(t))2 +(y'(t)) dx.
AB o

Vi du : Tinh d¢ dai day cung cong ctia dudng cong sinh bdi cac duong:

a) y=e" ; 0<x<1. b) yzlnex+1, OSXS%.
1 2 1 3 - .3
¢) x:zy —Ey , 1<y<e d) x=acos’t; y=sin't, a>0, 0<t<2m
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3.2.3.4. Dién tich xung quanh ctia mat tron xoay.

- Xét mit tron xoay sinh ra do cung d6 thi ham s6 y = f(x), xe[a,b] quay xung quanh

truc ox trong do f(x) 1a h/s lién tuc va c6 dao ham lién tuc trén [a,b]. Khi do6 dién tich

xung quanh ciia mat tron xoay la:
b
S = 2n[[f(x)}{/1+f"* (x)dx

- Twong ty, dién tich mit tron xoay sinh ra do cung d6 thi ham sb x = ¢(y), y €[c,d]

quay quanh truc Oy la:

S= 27 [lp()|J1+ 0" (»)dy

Vi du 1: Tinh dién tich xung quanh cua vat thé tron xoay sinh boi duong
y=sinx, 0 <x < n khi quay quanh truc Ox.

]‘- 1 —cos2x n’

Co V= nfsin’xdx = = dx = = (dvtt)
0

0
Vidu 2

Tinh dién tich xung quanh ciia vat thé trén xoay sinh bi dudng x = % 5 —%m pi<y<e
khi quay quanh Oy

s, 1, T R 1
CoOV=n {—yz——lny} dy=n [—y4+—1n2y——y21ny}dy=
! 47 2 ! 6™ 4 4

5 2 3 3 ¢ s 3
_ 7T{y_+yln Y_(Ym}’_zj_(Y_hW_Y_j” - n[e 1+3_e——2} (dvtt)
1

80 4 2 2 12 36
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3.3. Tich phén suy rong véi can vo han.(Tich phin suy rgng loai 1)
3.3.1. Dinh nghia.
a. Khoang lay tich phan 1a [a, + )

Gia str ham sb f(x) kha tich trén moi doan hiru han [a,b],(a <b)

b
e Néutontai lim J'f (x)dx hitu han thi gi61 han d6 goi la tich phan suy rong loai
1 ctia ham sd f(x) trong khoang [a,+o0) va ky hiéu 1a J'f (x)dx .
+00 +0 b
Khi do J' f(x)dx dugc goila hoi tu va J' f(x)dx =blim J' f(x)dx.
; . b +00
e Neéu khong ton tai blim J'f(x)dx hiru han thi J'f(x)dx duoc goi la phan ky.

b. Khoang lay tich phan 1 (-, a]
Tuong tu: | f(x)dx= lim [ f(x)dx
—» —>—0 b

c¢. Khoang lay tich phan 14 (-0, +o)

T f(x)dx= }f (x)dx + Tf (x)dx (aeR)

[f(x)dx hoi tu khi va chi khi ca 2 tich phan suy rong & vé phai déu héi tu.

Chiiy:
- Tich phan suy rong 14 gii han ctia tich phan xac dinh hiéu theo nghia thong thudng
khi cho can ly tich phan dan t&i v6 cing. Do vay muén tinh tich phan suy rong ta co
thé dung cong thirc Newton — Leibnitz dé tinh, sau d6 cho can l4y tich phan déan t6i vo
cung.
Cong thirc Newton — Leibnitz cho tich phan suy rong:

+00

I f(x)dx =b1irgoj‘f(x)dx = lim F(X)E = lim F(b)—F(a):zF(x)

b+ b+
a

Tuong tu:

[ £(x)dx =F(a)- lim F(b):=F(x)

b—o-o

a

Tf(x)dx = F(+oo)—F(—oo) = F(X)

- Béi véi tich phan suy rong ta ciing c6 thé thuc hién phép d6i bién sb va qui tic tich

+00

—00

phan timg phan.
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Vidul:

1) J.e"dx=—e'x =—¢"+1=1=Hditu

+°°dx

+00

2) =Inx| =+ = Phénky.
X
+00 1-a oo 1I-a

3) J'd_xz L = lim b _L,
' x* (I-a 1-a . el-a l-a

+00

+) Néu a < 1 thi jd—x— +00 = Phan ky.
1 X

+) Néu o> 1 thi j——L = Hoi tu.

1 X a-—1

Vay jd—thtu néu o >1 va phian ky néua <1.

1 X
, , ©odx
Vidy 2: Tinh : 1= [ ——
S X +x-2
Giai:
Tacél:jLzllnX_l o1 1(4—) ~1=lima=2m2.
S (x+2)(x=1) 3 x+2]2 3*H+°° 3 3

Vidy 3: Tinh 1= j (3x2 +1)e™**dx. (HD: Tich phan timg phan hai lan)
1

Vidu 4: Tinh 1 = j

L xvxt+3

Chii y: Mot s tich phan suy rong sau khi d6i bién sé tro thanh tich phan xac dinh

———dx (HD: Batt= vx* +3)

Vidy 5: Tinh 1= [-T7€% g
O (1+x?)2
%

Giai: Dat arctgx =ztacod [ =|zcoszdz =(zsinz—cosz) = g -1

c'—.m‘,ﬂ

0

+00 dx
Vidu 6: Tinh: 1= [——&
'!‘X\/1+X5+X10
Gidi: Djtt= L. Khix=1thit=1,khix -4 thit —>0.Viyta co
X
1 d(l) 1 1 ’
= ———j =——Inft+—+~t*+t+1|| =
5 t?+t+1 5 2 X

SR
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= l(lnz—lnLJ = lln(1+ij

503 34243) 5 J3
3.3.2. Tinh chit ciia tich phin suy rong logi 1
TC1: Néu [f(x)dxhoity thi lim f(x) =0

Nhdn xét: Néu khong thoa man diéu kién lim f(x) =0 thi J'f (x)dx phén ky.

X —>+00

Vi du:
o [EMa phankyvi tim T2,
1 3x+2 x40 Ix 42 3
. I sinxdx phan ky vi khong ton tai lim sinx
1 X—>+00
TC 2: Néu f(x) kha tich trén doan [a, ] thi sy hoi tu hay phan ki cta cac tich

phan [f(x)dx va [f(x)dx (via’>a) la nhu nhau,

a'

TC3:

> Néu Tf(x)dx , Jo.og(x)dx ho1 tu thi I (m.f(x) + n.g(x))dx hdi tu

a

va T(m.f(x) + n.g(x))dx = m. Tf(x)dx +n. +jigg(x)dx

> Néu trong hai tich phan J'f (x)dx, J. g(x)dx c6 mat tich phan hoi tu, mdt tich phan

phéan ki thi Jo.o(f(x) + g(x))dx phan ki.

a

3.3.3. Y nghia hinh hoc ciia tich phin suy rjng

Néu J'f (x)dx hoi ty thi tri s6 ciia n6 1a dién tich ctia hinh thang cong v6 han dugc gidi
han béiy=1(x),y=0,x=a

¥
AN

y =fix)

L

0! a
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3.3.4. Cdc tiéu chudn so sinh.

3.3.4.1.Tiéu chuin 1:
Gia st hai ham s6 f(x), g(x) x4c dinh trén [a,+o0), kha tich trén moi doan hitu han

[a,b] va thod man: 0 < f(x) < g(x) V x > a. Khi d6:
g

+) Néu J.g(x)dx hoi tu thi J'f(x)dx hoi tu.

+) Néu J' f(x)dx phan ky thi _[g(x)dx phan ky.

Vi du.
+00 +00
L% moivi— <L vestva [ noit
1 X" +1Inx x+Ihnx x X
't In xdx Inx 1 ' odx
2. phan ky vilnx>1V x >3 nén — >——va | —=1a phan ki.
7R R

¢ In xdx

3. S hoiw.

1

HD: Su dung bat dang thirc V o >0 cho trudc ta ludn ¢ Inx < x” véi x ¢o gia tri du 16n.

1 : 12 A Inx 1
Chon a=5,tacolnx<x nén —- < —,
X X

% > 1. Vay tich phan hoi tu.

3.3.4.2. Tiéu chuan 2:
Gia st f(x), g(x) xac dinh trén [a,+0), kha tich trén moi doan hiru han [a,b] va thoa

. f
man f(x) >0, g(x) >0V x>a. Néu lim % =k (0 <k <o) thi sy hoi tu phan ky cua
X—>+00 g X

cac tich phan suy rong J' f(x)dx, J'g(x)dx la nhu nhau.

Heé qua: khik =1 thi f(x) ~ g(x) trong qua trinh x — +oo thi sy hoi tu, phéan ky cua céac

tich phan suy rong J' f(x)dx, J' g(x)dx 1a nhu nhau.

Qui tic thue hanh:

Néu f(x) va ia(a >0)la hai VCB cung bac trong qua trinh X — +oo thi jf (x)dx hoi tu
X a

v61 a >1va phan ki vo1 a <1.

Vi du:

» Xét tinh hoi tu cua tich phan suy rong sau I
0

dx
N+ x31+x?
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. 1 1 1
Giai: Khi x — +o0, taco ~ =—
m3\/1+x2 Yx’ xe
T dx . Lol s dx .
Vi | —- hoi tu nén theo dau hi¢u so sénh 1 tich phan | ————— hoi tu.
'!.XA '([\/1+x3\/1+x2
+00 3
> Xét sy hoitu hay phan ki cta tich phan sau: jl ~_dx
+X

0
P . X 1 .
Giai: TacO ——~—= (khix >+

1+x* \/;
+00 dx +00

Vi |—= phan ki nén
&P f

X3
2
o 1+Xx

dx phéan ki
;o \ | Tdx g . ISP A A ,
Chu y: Thuong dung j—ade so sanh v6i1 cac tich phan can xét
1 X

3.3.5. Héi tu tuyét doi va bdn héi tu .
Dinh ly:

e Néu [|f(x)|dxhoitythi [f(x)dxhoityvatandi [f(x)dxhoity tuyét doi.

e Néu J' f(x)dx hoi tu ma .|'|f(x)|dx phan ky thi ta no1 J' f(x)dx ban hoi tu.

, 2 cos X . NPT 1 N F n
Vi du: j dx hdi ty tuyét doi vi Cgsx <—,Vx nén J. c;)sx dxhoi tu.
1 X +1 x“+1 x L xT+1
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BAI TAP: TiCH PHAN XAC PINH

Bai 1: Tinh céc tich phan sau bang phuong phap doi bién:

S ydx In3 NG (x3_|_1> %
1.{ — 2. 15'.26 — 3.!—)62 T dx 4.{2+COSX

1 2 In2 J7 3 e 4
5-_'. xabc4 6-J.\/de 7J- xdx J1+Inx

| 8. | ——dx
o (x+1) 0 B3 +1)2 1

N 3 ki %
9. [x*\o-x*dx  10.] ll.fsinégdx 12.] cos’ 2xdx.
-3 0 0 0
lnSe): [e):_l \/g 3 dx
13. _ dx 14. | X’ 1+ x*dx 15. | ————
I[ e +3 I[ '!xVx2+5x+l
Ddp so va chi din:
3
1, =4, I,=—=; I = -1, (x=2sin¢t); [I,=—F+; [,=—;
1 2 2 2\/_ 4 3\/5
4—r1

I6=T; L =3,(t=x>+1); 18=0,8(2(‘/§—1),t=1+h1x; Igz%(xzkost);

3(r-2)

i Sr 8
=TS bsin® 0 1y =2 (e =20 Ly =

Bai 2: Tinh céc tich phan sau bang phuong phap tich phan ting phan:

7
1) J.(2x+1)e'”dx 2) J.(x +3x)log, xdx 3) J.x arctgx.dx 4) J.e cos xdx
-1

1

: t
5.‘|.(2x3 +x+3)e dx 6.J. e'sinxdx 7 J' arcsinx 8-_'. arctgx dx
0 1+X o 1tx

=

In5 r

e sin2xdx  10. J.x sinxdx 11J. ¢ dx 12J. XA+ x*dx
0

9.

c'—.w\?—!

Bai 3: Tinh céc tich phan suy rong sau

7 Tﬂdx
I J. X _1 x+1 1x\/x +x+1 3 ¥ +3x-10
dx ‘¢ arctgx i 3
zim 5_!' = dx 8.‘(|).(2x3+4xZ+6x)e3 dx
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3+ji° xdx
ﬁ(x +1)

+ji° dx

RN FEyN ey

6 J;,2x2 5x+7

1. | arctgx
0 (1+X)

+o0 dx

'([ xVI+x°

Bai 4: Khdo sat sy hoi tu hay phan ki cua cac tich phan suy rong sau:

 sin’ 3x
1. d
'!. Uxt+1 *

jf’ 3x7+1

1 Alx] +lnx

+00
T

' X +sinx

10 +ji° xdx
o V3x" +2x+1

13 +ji° 2x+1
0

1+\/_+5x

16. I ln(l +tg’ ljabc
x

1

8. I (cosi — oS Zjdx
0 X X

11. e —1 dx
‘!.\/x+1[ j

+ooxln(lJrlJ

X

s f——
1

x2
17J.ln(x +\/_jtg dx
X —x

20. J- arctg 4x

o /5x" +2x

23, J- ln(2+x)

o A/xt+3x°

78

3 +ji"ln(1+x
1

6. J‘ln(i—jx)dx
1

dx

T In® x

\3x +5x7 +1

x(x+2)

IS.Tz—dx

T X"+ 3Inx

ZI.T 3x7+2

o VX T+ x

dx
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CHUONG 4
MA TRAN - PINH THU'C - HE PHUONG TRINH DAI SO TUYEN TiNH

4.1. Ma tran va cac khai niém

4.1.1 Dinh nghia ma trin:

e Ma trén la mdt bang hinh chit nhat, trén dé sép Xép cac ph?m tor (1acac ) thuc) theo
cac hang va céc cot. Ma tran thuong dugc ky hi¢u bﬁng cacchrcai:A,B, ..., XY,
... ; con cac phan tir thuong duge ky hiéu bang cac chir thuong :a,b, ..., x,y, ....

e Gia sir ma tran c6 m hang, n cot, khi d6 dé chi phan tir hang i (tir trén xudng), cot j (tir

trai qua phai) ta ky hi€u : a;j — chi s6 hang trudc, chi s6 hang sau. Cac phan tir cia ma

tran dugc nam trong dau [ ], hodc ( ), hodc| ||, nd co dang:
a,, a, a, a,, a, a,, a, a, a,,
A a; ay as, CA = Ay Ay e 8y, CA = a, a, a,,
= N — s -
aml am2 amn mxn _aml am2 amn_mxn aml am2 amn mxn

e Matran c6 m hang van ct thi ¢¢ cila matran la mxn,

e a, laphan tir cia ma tran A nam ¢ giao diém cua hang i c6t j,

Ky hiéu: A = (aij)mxn , A=[aiJ

mxn

e Khim=n (s6 hang bang so cét) thi A goila ma trdn vuéng cép n.

Vidu

1 2 -3 1

A=12 -1 1 2|lamatrdncd 3x4, a,,=1,a,, =2...
6 2 4 6
I -3 1

B=|-7 1 -8 | lamatrincd 3 x 3 (ma trin vudng cip 3).
2 0 0

3x3
4.1.2 Cdc khdi niém lién quan dén ma tran

1) Pwong chéo chinh.

Cho ma trdn A vudng cap n. Khi d6 cac phan tir a;y, a,..., a,, ndm trén mot duong

thang goi 1a duong chéo chinh cia A, cac phan tir a;, as,..., a,, go1 1a cac phan tir chéo.

( chu y : khai niém vé duong chéo chinh chi cé trong ma trin vuéng)
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2) Ma trdn tam gigc.  Cho ma trin A vudng cép n.

+) Ma trdn tam gidc trén: Néu A c6 cac phan tir phia dudi duong chéo chinh déu

bang 0 (Tuc 1a: a;; = 0 v6i moi i> j).

a, 4 a,
Y= 0 a, a,,
0 O

+) Ma trdn tam gidc duéi: Néu A ¢ cac phan tir phia trén duong chéo chinh déu

bang 0( tic 1a: a;; = 0 v6i moi i <j).

a, 0 0
A= a, a4y 0
a, a, .. a,)

3) Ma tran chéo.

Ma trin vudng A c6 cac phan tir ngoai dudong chéo chinh déu bang 0 goi 1a ma tran

chéo.
a, 0 .. 0
4o 0 a, 0
0 O

nn/pxn
Ma tran chéo vira la ma tran tam gidc trén vira 1a ma tran tam giac dudi.

4) Ma tran don vi.

Ma tran don vi la ma tran chéo co cac phﬁn tr trén duong chéo chinh déu béng 1.

Ky hiéu la I, (hodc E,) 1a ma trdn don vi cép n.

1 0 0
0 1 0
I =
0 0 1)
1 o 1 00
Vi du. Iz=[0 lj matréndonvicép2;l3= 01 0 ma tran don vi cdp 3
22 0 0 1

3x3
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5) Ma trin doi xirng.

Ma tran A vudng cap n goi la ma tran doi xting néu a;,=a,, Vi, j=1, n (céc cap

phan tir d6i xtmg qua dudng chéo chinh thi bang nhau).

Vi du.

1 3 -5
A=['3 -1 0 |lamatrin doi ximg

-5 0 4

1 1 5§ -6

-2 0 o ‘
B= s 0 0 khong doi ximg via;, =1 #ay; =4, a;4=-6 #a4 =6.
2 0

6. Ma tran khong.

La ma trin c6 tat ca cac phan tir déu bang 0, ky hiéu: O hoic 0.
Nhu vay, ¢ hay cdp cta ma tran khong tuy thudc vao cac phép toan cu thé.

Vi du. Cac ma tran sau déu la ma tran khong:

0 0 O
SR
0 0 0f

S O O
oS O O
oS O O

3x3
7. Ma trdn con.
Cho A la ma trdn cd mxn. Ma tran B goi la ma trdn con ctia A néu B c6 dugc tu

A bang cach b di mot s6 hang, mot s cot.

3 2 2 4
Vidu. Chomatran A=|3 1 1 2
2 1 I 3

- Bo didong 3, cot 3 va 4, ta dugc ma tran
3 2] |, . ;
M, = - la ma tran con cap 2.

- Bo dong 1, ta dugc ma tran

311 2 ) «
M, = - ma trdn con c6 2x4.
_2 11 3 2x4

8. Ma trdn chuyén vi.

Cho A lama tran ¢0 mxn. Ma tran chuyén vi cia A la ma tran ¢6 n x m c6 duoc tir
A bang cach chuyén hang thanh cot, chuyén cot thanh hang, ky hiéu A”.
81

Bién soan : Vi Khic Biy — B¢ mén Toin PHLN



Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

a11 a12 In 11 a21 aml

a a a a a a

21 22 2 T 12 22 2
A= " - A = "

A, Au, e Ay ) a, A, .. a, )

Nhin xét. A 1a ma tran d6i xtng khi va chi khi A = A"

Vi du.
1 3 5 1 2 1
1. A=|2 4 6|=AT=[3 4 -1
1 -1 1 5 6 1
| )
1 2 -1
2. A= = A"=[2 1
-2 1 -3,
~ 103

9) Ma trdn hang. 1.a ma tran chi cd moéthang A =[a; a; ..... An]1xn

b 1
10) Ma tran cot. 1.a ma tran chi co mdt cot. B - b,
b m JIm x1

4.2. Cac phép toan trén ma tran.

4.2.1. Phép bang nhau. Hai ma tran goi 1a bang nhau néu ching ciing ¢& va cac phan tir

twong ing & cung vi tri thi bang nhau.
4.2.2. Phép cong hai ma tran cung co.

4.2.2.1 Dinh nghia.

Cho A va B la hai ma trén cung ¢6 mxn, A =(aj)mxn B = (bij)mxn - Téng cua hai ma

tran A va B la ma tran cung ¢& C = (Cjj)m « ntrong d6 ¢, = a,;+ b,
Ky higu: A+B=(a,+b,)

Nhu vay, néu
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all a12 b aln bll b12 b bln
A_ a21 a22 a2n B_ b21 b22 b2n
_aml am2 amn_ _bml bm2 bmn_
Khi 6 ta co
a,+b, a,+b, .. a_+b,
a,+b, a,+b, .. a, +b,
A+B = :[au +bij]m><n
la, + b, a,+b, .. a_+ bmn_

Céng hai ma trdn ciing cé : ta cong cdc phén ti ¢ vi tri twong rng véi nhau

Ma trin déi: Néu A + B = [0] thi B goi 13 ma trdn doi cua A va nguoc lai.

Ky hiéu ma tran dbi coa A 1a —A

Vidu 1.
1 -3 1 3 3 2 4 0
-3 0 + 0 1 0] =(2 -2 0
302 20,12 2 1, |1l 4 -1],
1 3 5 -1 1
Vidu 2. A= B=
2 -1 1], 21 1y,
Suy ra: C=A+B={0 4 6}
4 0 2
2 2 4
D=A-B=A+(-B)=
0 -2 0

4.2.2.2 Tinh chat.
Gia st A, B, C la cdc ma tran cung c&. Khi do:
1) A+tB=B+A
2) (A+B)+C=A+B+0)
) A+0=0+A=A
4) A+(-A)=(-A)+A=06
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4.2.3. Phép nhan ma tran voi sé thire.

4.2.3.1 Dinh nghia

Cho A=[aij] va sb thuc k. Khi d6, tich cia s thuc k v6i ma tran A 13 mot ma tran

mxn
cung cd dugc xac dinh boi:

kA=[ka, |

mxn
(Tre 1a: muon thwc hién phép nhan ma tran voi mot so k, ta nhdn tat ca cac phan tw

cua ma trgn voi k.)

Vi du:
{3 2} {6 4}
2. =
-1 2 2x2 -2 4 2x2
1 1 3 4 9 11
2 -3 1 -3 8 —15
> 3 +2 =
5 2 0 1 15 8
O 4 4x2 O O 4x2 O 12 4x2

4.2.3.2 Tinh chit
Gia sir A, B 1a cic ma tran cing ¢& va k, 114 céac s6 thuc bat ki. Khi d6:
- k(A+B)=kA+kB
- (k+DA=KA+IA
- k(1A)=kl(A)
- 1A=A
- 0A=0

4.2.4. Phép nhan hai ma tran.
4.2.4.1 Dinh nghia

Cho hai ma tran A = (aij) , B= (bij) ('sb cot ciama tran A bang s6 hang cia
mxp pxn

ma tran B). Khi do, tich ctia hai ma tran A va B lama trdn C = (C.i )mxn trong do:

P
c, = kZaikbkj =a,b,+a,b, +a b, +..+a b,
=1
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2
Vidgl. [-1 3 1] .[3| =[-12+33+19] =[13],,,=13

9

31
Vi du 2.
{—1 3 1} § _{c11=—1.2+3.3+1.9:13} {13}
=22 0),, 1, ¢, ==22+23+0.9=2| |2 ] |

3x1

) 1 3 2 0 -3
Vidu 3. Tinh ABvéi A= , B=
2 -1 2%2 2%3

1

I 5 Cll CIZ C13 4
Giast AB=(c,),, = ,taco

21 C22 C23
011:1.2+3.1:5, 012:1.0+3.(-1):-3,
Ciz = 1(-3) +34= 9, Co1 =22+ (-1)1 = 3,
Copp = 2.0+ (-1)(-1) = 1, Co3 :2(-3) + (-1)4 =-10
1 32 0 -3 5 -3 9
Vay AB= =
2 -1 -1 4] |3 1 -10
1 -2 1 2 0 2
Vidu4.Tinh AB=[2 1 2| .|-4 1 -3
3.0 0f,, 1 0 0],
Giai
1 =2 1]1[2 0 2
AB=2 1 2||-4 1 3| =
3.0 0/[1 0 0
1.2+(-2)(—4)+1.1=11 1.0+(-2).1+1.0=—2 1.2+(-2)(-3)+1.0=8
= 2 1
6 0 6
3x3
11 -2 8
=2 1
6 O 3x3
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Vidu 5. Tinh
2 0 2|1 21 8 -4 2
BA=-4 1 3|2 1 2 =-11 9 =2
1 0 0|3 0 O =2 1],
Vi du 6.
Tim ma tran X thoa man:
2) [3 -2}[3 4j+2x :[11 oj
5 4)12 5 9 2
I -3 2\(2 5 6 0 -6 6
b)lX— 3 4 J1 2 51 = |12 9 2
2 S5 3)(1 3 2 4 -8 6
Gidi.
a) Tacod

S R B I S H ER R

0 -6 6) (1 -3 2)(2 5 6
by lx=1|2 29 2]/+3 -4 1|1 2 s
-4 -8 6) (2 -5 3)l1 3 2
0 -6 6) (1 5 -5 1 -1 1
@%X=—2-92+310 oj=|1 1 2
4 -8 6/ (2 9 -7) -2 1 -1
1 -1 1 2 -2 2
e X=21 1 2|=|2 2 4
21 -1 42 -2
1 -2 3
Vidu7. ChoA=|2 -4 1]|vaf(x)=3x"-2x+5. Tinh f(A)
3 -5 2
Gidi.
1 -2 3y (1 -2 3 1 0 0
f(A)=3A"—2A+51=3|2 -4 1| -2[2 -4 1]+5/0 1 0
3 -5 2 3 -5 2 0 0 1
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6 9 7 1 -2 3 1 0 0 21 23 15
=3|-3 7 4| -2[2 -4 1[+5/0 1 o0|=|-13 34 10

-1 4 8 3 -5 2 o 0 1) (-9 22 25
Nhdn xét.

- Phép nhan AB thyc hién dugce khi va chi khi s6 cot clia ma trin A bﬁng s0 hang cua
ma tran B.
- Phép nhan AB va BA thyc hién dugc khi va chi khi néu A la ma trin ¢ m x n thi B

la ma trdn cOn X m.

Vi du.
10 0 1 0 1 00
A= ,B= — AB= #BA =
0 0% o o748y of#aels o)

- Phép nhan hai ma trdn n6i chung khong c6 tinh chét giao hoan.

4.2.4.2. Tinh chat.
- A(B+C)=AB+AC
- (A+B)C=AC+BC
- (AB)C=A(BC)
- (kA)B=k(AB)=A (kB)
- AI=IA=A
- (AB)'=B" A"

4.2.5. Cidc phép bién déi so cap ciia ma trin.

1. D6i chd hai hang( hai c¢ot ) cho nhau.
2. Nhan mot hang( mot cot ) véi mot s6 khac khong.

3. Nhan mdt hang( mdt ¢t ) véi mot s6 r0i dem cong vao mdt hang khac (cot khac ).

Chii y: Cac phép bién ddi so cap clia ma tran dong vai tro rat qua trong khi dé tinh dinh
thirc, khi dé giai hé phuong trinh dai s6 tuyén tinh...
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4.3. Dinh thirc
4.3.1. Dinh nghia dinh thirc.
4.3.1.1 Dinh nghia 1.
Cho ma tran vudng cép n: A= (aij)nxn -
Ki hiéu M;; 1a ma trén con cap (n— 1) c6 duge tir ma tran A khi b di hang i, cot j.

Khid6 Mj; duoc goila matrdn concua A Ung voiphén tir a; .

Vi dy.
1 -2 5
. 4 -1 1 -2
Véi A=[3 4 —1|th M, = M, =
5 1 0 5
0 5 1

4.3.1.2 Dinh nghia 2.
Gia sir A 1a ma tran vudng cap n. Khi d6, dinh thirc cip n cila ma tran A, ki hiéu la:

det(A) hay |A , 14 mot s6 thue duge dinh nghia mot cach qui nap sau:

a) Dinh thire cdp 1. Gia sit A = [a;,] = det (A) = ay, (1)
b) Pinh thirc cdp 2.

all a12 all a12
A= = det (A) = =a,a,,—a,a,, (2)
a21 a22 21 22
o ) Ay Gy Gy
c)Dinh thuccap 3 : Giasu: A=|a, a,, a,
as 4y Ay
Khi do, ta co: )
all a12 alS . . .
- detd=la, a, a,|=(-1)"a,det(M,)+ (-1)"a,det(M,)+(-1)"a,det(M,)
a, a, a

31 32

2+

hogc det 4 =(~1)" aljdet(MU )+ (-1) a2jdet(M2j ) +(=1)" a, det (M3j ) 4)

Trong d6 M;; 1a ma trdn vudéng con cép 2 c6 duge tir A bang cach bo di hang thir i cot thu j.
Cong thire (3) goi 1a cong thirc khai trién dinh thirc theo hang thiri véi i=1, 2, 3.
Cong thire (4) goi 1a cong thirc khai trién dinh thirc theo cot thir j véi j=1,2, 3.

1 3 0
Vidu 1. Tinh dinh thirc cia ma tran A=2 -1 3
4 1 5
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Gidi
- Khai trién dinh thirc theo hang 1, ta dugc:
1 3 0
-1 3 |2 3
det(A)=2 -1 3:1.1 5—34 +0=—8-3(-2)=-2
4 1 5

- Khai trién dinh thtc theo cot 3, ta duoc:
1 3 0

det(A)=2 -1 3]=0+(-1)"3
4 1 5

3
2 -1

13
4 1

+5 ‘:33—35:—2

d) Pinh thirc cdp n.
Gia st ta da dinh nghia dugc dinh thirc cdp (n - 1). Khi d6, dinh thirc cdp n clia ma

tran A = (aij )m dugc xac dinh nhu sau:
detA=(~1)"a,det(M,)+ (-1)"a,det(M, )+ ...+(-1)"a,det(M,) (5)
hoac
detA=(-1)"a, det(M, )+ (-1)"a,det(M,,)+....+(-1)""a,det(M,,) (6)
Trong d6 M;; 1a ma tran vuoéng con cap (n - 1) co duge tir A bang cach bo di hang tht i

coOt thu j.
Cong thirc (5) goi 1a cong thirc khai trién dinh thirc theo hang thtri véii=1,2,..., n.

Cong thirc (6) goi 1a cong thie khai trién dinh thirc theo cot thirj véi j=1,2, ....,n.

1 6 0 -1
_ 0 2 1 0
Vi dy 2. Tinh dinh thic: det(A) =
-1 3 0 1
30 1 1

Gidi.
Ta c6 thé khai trién dinh thirc theo hang 2 hodc cot 3 vi ¢6 2 phan tir bang 0.

> Xét khai trién theo hang 2:

1 6 0 -1
0 2 1 o 10 -1 16 -1
=(-1)""2]-1 0 1|+(-1)"]-1 3 1
-1 3 0 1
301 1 3.0 1
30 1 1
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Vo1
1 0 -1 —
e (=1)72/~1 0 1|Khaitriéncot3: 2(-1)" 1‘:0
31 1
1 6 -1 §
e -1 3 1 |khaitriénh, 3‘3 1+1 ‘:27+9:36
30 1
Vay det(A) = 0 — 36 = -36.
> Xét khai trién theo cot 3:
1 6 0 -1
0 2 1 o 1 6 -1 6 -1
=(-1)7-1 3 1|+(-1)"0 2 0]=-36
-1 3 0 1
30 1 -1 3 1
30 1 1
Bai tgp twong tu: Tinh cic dinh thirc sau:
3 -5 2 -4 30 -2 2
0 4 0 0 4 7 0 4
4) 5)
7 -7 5 1 0 -3 0
8 8 5 0 2 6 -3 2

Goiy:  a)Khai trién theo hang 3
b) Khai trién theo cot 2 hoac hang 3.

4.3.2. Cdc tinh chit co ban ciia dinh thirc.
4.3.2.1 (T/C 1) Giasit A vudng, khido det(A) = det(A")
Vi du.
3 =2 2 3 =2
H¢ qud. Moi tinh chit néu duing cho hang thi ciing dang cho cdt va nguoc lai.

4.3.2.2 (T/C2) D6i chd hai hang (hai cot ) caa dinh thirc cho nhau thi dinh thirc d6i dau.
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Vi du. cling véi vi du trén

3 -2 2 3 -2 2
1 3 -2| ,doichdhang2véihang3: -2 1  0[=12
-2 1 0 1 3 =2

4.3.2.3 (T/C3) Khinhan cac phﬁn tir cia mot hang (mot cdt ) voi cung maot s6 k thi dinh
thirc duge nhan 1én k lan.
H¢ qud. Néu cac phan tir cia mot hang (mot cot ) co thira s6 chung thi c6 thé dua thira

s6 chung d6 ra ngoai dau dinh thirc.

1 5 156
Vi du : Chung minh D chia hét cho 13, véi D={2 8 286
4 1 416
Gidi
nhén xét rang 156 = 12.13, 286 = 22.13, 416 = 32.13 nén ta rit thira s6 chung 13 ra
ngoai duoc
1 5 12.13 1 5 12 1 5 12
D=2 8 22.13|=13.[2 8 22|chayring |2 8 22|=M ,=> D=13M
4 1 3213 41 32 4 1 32

do cac phan tir ma tran chi toan cac s6 nguyén nén M phai 1a s nguyén => D chia hét cho

13 = Dpem

4.3.2.4 (T/C4) Khi tat ca cac phan tir ciia mot hang (mot cot) co dang tong ctia hai s6
hang thi dinh thirc c6 thé phan tich thanh tong ciia hai dinh thirc nhur sau:

vi du
all a12 a13 all a12 a13 all a12 alS
aZl + aZl a22 + a22 a23 + a23 = a21 a22 a23 + a21 a22 a23
a31 a32 a33 a31 a32 a33 a31 a32 a33

4.3.2.5 (T/C5) Dinh thirc cia ma trin s& bang khong néu thoa mén mot trong céac diéu
kién sau:

- C6 mot hang (mot cot) gdm toan 1a sb khong,

- C6 hai hang (hai cot) giéng nhau.
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- C6 mot hang (mot cot) 1a 16 hop tuyén tinh cia cac hang khac (cot khac).
( Pgi lwgng o la t6 hop tuyén tinh ciia cac dai leong B, ,B, ,.....B,, néu ton tai n sé

thucky, ky, ..., k, dé cho o=k,B; + koBy +....+ k,By)

Vi du.
a, b, a +2b,
a, b, a,+2b,[=0(Vicot3=cotl+2cit2)
a, b, a,+2b,

4.3.2.6 (T/C 6) Dinh thirc ciia ma tran s& khong thay d6i néu nhan k vao mot hang (mot

cot) 10i dem cong vao mot hang khac(cot khac).

Vi du.

Trong vi du trén, ta bién doi

3 2 1 -1 0 7 L
2 1 32h+h—h|-2 1 3|khai trién theo h2(~1)" , 2‘:_12
2 0 =2 2 0 =2 -

Nhu vay, ta thay viéc khai trién dunh thirc tré nén don gian hon nhiéu.

4.3.2.7 (T/C7) Dinh thirc cia ma tran tam giac bang tich cac phan tir chéo

a, a, a,.| l(a, 0 .. O
ay, . 5| |8, 8, .. 0]
= =a,a,,..a,,
0 O a | la, a, .. a_

4.3.2.8 (T/C8) Néu A, B la hai ma trdn vudng cip n thi det(AB) = det(A). det(B)

92

Bién soan : Vi Khic Biy — B¢ mén Toin PHLN



Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

4.3.3. Tinh dinh thivc bang cdc phép bién déi so cip

Bién ddi so cap Tac dung Ly do
1. Nhén 1 hang v6i 1 s6 k# 0 Dinh thirc nhan k T.C43.23
2. Doi chd 2 hang Dinh thtrc d6i dau T.C4.3.22
3.Nhan k véi hang r réi dem cong vao hangs | DPinh thirc khong doi T.C4.3.2.6

Nhin xét : Néu tinh dinh thirc bang viéc sir dung cong thirc khai trién theo hang (hay cot)

thi kh6i lwong tinh s& rat 16n (khin > 4 ). Vi cac phép bién do6i so cap clia ma tran khong

lam thay d6i cac tinh khac khong hay bang khong cuia dinh thirc nén ta str dung cac phép

bién doi so cap ciia ma tran dé dua ma trén vé dang tam giac, khi d6 dinh thirc cua ma tran

tam gi4c bang tich cac phan tir trén chéo chinh. Cac budc tinh dinh thirc nhu sau:

Buée I: Ap dung cac phép bién doi so cap dua dinh thirc vé dang dinh thirc ma trén

tam giac, nhé ghi lai tac dung cia cac phép bién ddi so cap duge sir dung.

Buée 2: Tinh gia tri dinh thirc dang tam giac va ké ca tac dung tong hop cua cac phép

bién doi so cap dé sir dung.

Hang thG 1 5 -2
Hang thr 2 2 )
Hang th 3 4 20 -1
Hang thr 4 3 43 2
Hang tha 1 1 3 5 =22
(-2)*hang1+hang2| [0 -1 -2 6
(4)*hang1+hang3| (0 14 20 -9
(-3)*hang1+hang4| [0 —13 -12 8
Hang th(r 1 1 3 5 =2
hang 2 0 -1 -2 6
( 14)*hang 2 + hang 3 0 -8 75
(-13)*hang2+hang4| [0 0 1470
Hang thd 1 1 3 5 =2
hang2| [0 -1 2 6
hang 3 0 -8 75| =>dimnh thuc =490
(7/4)*hang3+hang4| |, o o 2%
4
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4.4. Ma tran nghich dao .
4.4.1. Phan phu dai so ciia mét phin tir, ma tran phu hop.

Cho ma tran A vudng cép n

a11 a12 aln
A_ aZl a22 a2n
_anl an2 ann_

Ky hiéu

- Mjj la ma trdn c6 dugc tr ma trdn A khi bo di hang 1, cot j
o det(Mij) néu (i+j)chan

- Ay = (1) det(My) = o
—det(Mij) néu (i+j)1é

Aj; goila phdn phu dgi sé cia phan tix ajj .

4.4.1.1. Ma tran phu hgp cuama tran A 1a ma tran dugc ky hiéu A= (Aij)

A11 A12 Aln
- 1A, A, .. A,
A B |:Aiji|n xn - .
_Anl An2 Ann_

Vol Ajj= Ay = Aij 1a phan phu dai s6 cia phan tir aj; trong ma tran A
4.4.1.2. Phwong phap tinh ma tran phu hop :
Pé tim ma trdn phy hop ciia ma trdn A = (a;) ta thuc hién cac budc sau:
e Tim (Aij)T = (Ay)
o Tu( Aij)T ta chuyén vi s& dugc A = (Aij)T
Vidu I: Tim ma tran phu hop ciia cdc ma tran sau: A4 = [; jj
Giai:
Tim céac phﬁn phu dai sb: A =4, Ap =-3, A= -2, Ay=1
Suy ra ma tran phu hop cta A la: A= [ 42 _13]T = [ 43 _12j .

Ghi nhé Néu A 1a ma tran vudng cd’p 2 thi ma trdn phu hop cia A 1a A s&ch duoc tr A

khi cac phan tr chéo chinh doi ché , cac phan ti “ chéo phu ” doi dau.
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Vidu 2: Tim ma tran phy hop cua cdc ma tran sau:

2 5 7
A=|6 3 4
5 -2 -3
Giai:
- Tim cac phﬁn phu dai s0:

+ 3 4 1+26 1+36 3
An=(-1)" =-1,Ap=(-1 =38, A= (-1 =
“(>__3‘ 12<)5_‘ 13<)5_2‘
A—(I)MS Tl S Am= o =29
21 IR 22 5 3 ) 23 5 o 7
As=( 1)3”5 TN -
31 3 4" " 32 6 4" 33 6 3~ .
Suy ra ma tran phu hop cua A la:

-1 | -1
A=|38 -41 34
=27 29 =24
2 1 3
Vi du 3: Tim ma tran phu hop clama tran sau: A={ 1 0 -2
3 2 3
Giai: Cac phﬁn phu dai sb:

1+1 O _2 1+2 _2 1+31 O

+ 1 3 2+22 3 2+32 1
41()_2_3‘ 4,=(-1) _3‘ 43()3_2‘

3+11 3 3+22 3 3+32 1
A31:(—1) O _2‘:—2, 32_(—1) _2‘: ; 33:(—1) 1 O‘:_

Ma tran phu hop cua A la:
4 3 22) (-4 3 =2
A=|-3 -15 7 |=|-3 -15 7
-2 7 -1 -2 7 -1

Nhdn xét: Néu A 1a ma tran ddi xtng thi A" ciing ddi xtng.
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4.4.2. Ma trdan nghich dao.
4.4.2.1 Dinh nghia:

Cho A 1a ma tran vudng cép n. Nghich ddo ctiama trin A (néu ton tai) 1a mot ma tran
vuong cép n dugc ky hi¢u 1a A, sao cho AA'=A"A=1, (trong do6 1, 1a ma tran don vi
cap n) , khi d6 n6i rang ma tran A 13 khd ddo
4.4.2.2 Tinh chat:

e Néu A c6 ma tran nghich dao 1a A thi A cling kha dao va nghich dao cia 4™ 1a

(4)'=A
e Nghich dao ciia mdt ma tran vudng néu co 1a duy nhét.
e Néu A va B déu c6 nghich dao thi:
+) AN'=A
+)  (AB)'=B'A"
5 Ay = A"
k
+)  (AB)'=B'A™.
4.4.2.3 Diéu kién ton tai ma trin nghich dio ciia mdt ma trin vudng
Pinh ly 1: Diéu kién can va du dé ma tran vuéng kha dao 1a dinh thirc cia n6 khac khong,
Néu ma tran A co det(A) #0 thi ta con goi A 1a ma tran khong suy bién, nguoc lai ta

go1 A 1a ma tran suy bién.

4.4.2.4 Phwong phap tim ma tran nghich dao.

e Phwong phdap ma trdn phu hop.
Dinh Iy 2: Néu ma tran A vudng co detA #0 thi A ¢6 ma tran nghich dao A™' duogc tinh bai
cong thurc:

IR B
~ det(4)

Nhan xét: Tt dinh i trén, dé tim ma tran nghich ddo cua ma tran khong suy bién A ta tién
hanh theo 3 budc:
> Tinh det(A). Néu det(A) = 0 thi két ludn ma tran A khong ton tai ma tran nghich
dao. Néu detA #0, chuyén sang budc 2.

> Tim tit c cac phan phu dai sd cila cac phan tir a;c6 mat trong ma trén A 10i thiét
1ap ma tran AT va suy ra phu hop A
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ta dugc: A = ! A.
det 4 det 4

Vi du : Tim ma tran nghich ddo cia ma tran

> Nhan ma trdn A véi

Gidi: Co6 det(A)=4-6=-2

X X ~ 4 2
Ap dung két qua ¢ vidu 1, ma tran phy hopcua Ala A= ( 3 j

I N
Vay 4" = A=—— =3 1

det 4 2{-3 1 = -
2 2
Vidu : Tim ma tran nghich ddo cua ma trin sau:
2 5 7
A=]6 3 4
5 -2 -3
Giai:
2 5 7
s 3 4 6 4 6 3
6 3  4|khaitriéntheoh, 2 -5 +7
- det(A) = -2 =3 |5 3 5 2
5 -2 3
= —2-190-189 = -381 # 0

Vay ton tai ma tran A™.

- Theo két qua & vi du 2 thi ma tran phy hop cia A la:

-1 1 -1
A=| 38 —-41 34
27 29 -24

- Vay ma tran nghich dao can tim 1a:

1 1 -1
L1 - 1
= A=-—| 38 -41 34
det(A4) 381
27 29 -24

Chii y: Phuong phép nay duoc dp dung dé tim. ma tran nghich dao cta nhitng ma tran cp
nho (cép n < 3).
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e Phwong phap Gauss-Jordan
Dé tim ma tran nghich ddo ctua A ta lam nhu sau:
> Budc 1: Viét ma tran don vi I ciing cdp vdi A bén canh ma trin A nhu sau: (4| 1)
> Budc 2: Ap dung cic phép bién déi so cdp trén hang dua dan phan ma tran A vé
ma tran tam giac trén — ma tran chéo — ma tran don vi. Tac dong déng thoi cac
phép bién ddi d6 vao phan ma tran L.
> Budc 3: Khi ¢ phan ma tran A (ban dau) xuat hién dang ma tran don vi I thi &

phan ma tran I (ban dau) xuat hién ma tran Al (taclar (A1) > .. >4

I 2 3
Vidu 9: Tim ma tran nghich dao cia A=|2 5 3| theo phuong phap Gaus — Jordan.
I 0 8

Hang thi 1 1 2 3 1 0 0
Hang thir 2 2 5 3 0 1 0
Hang tha 3 1 0 8 0 0 1
Hang th(r 1 1 2 3 1 0 0
(-2)*hang 1 + hang 2 0 1 -3 -2 1 0
(-1)*hang 1+ hang 3 0 -2 5 -1 0 1
Hang th(r 1 1 2 3 1 0 0
Hang th( 2 0 1 -3 -2 1 0
( 2)*hang 2 + hang 3 0 0 -1 -5 2 1
Hang th(r 1 1 2 3 1 0 0
Hang th( 2 0 1 -3 -2 1 0
Hang th( 3 0 0 -1 -5 2 1
(-3) *hang 3 + hang 1 1 2 0 -14 6 3
( 3)*hang 3 + hang 2 0 1 0 13 -5 -3
( 1/-1)*hang 3 0 0 1 5 -2 -1
(-2)*hang 2 + hang 1 1 0 0 -40 16 9
( 1)*hang 2 0 1 0 13 -5 -3
( 1/-1)*hang 3 0 0 1 5 -2 -1
( 1)*hang 1 1 0 0 -40 16 9
( 1)*hang 2 0 1 0 13 -5 -3
( 1/-1)*hang 3 0 0 1 5 -2 -1

—-40 16 9

Vay A" =| 13 -5 -3

5 -2 -1

Chii y: Phuong phap nay dic biét hiéu qua ddi v6i ma tran cap > 4.
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4.4.2.5. Ung dung ma tran nghich dao giai phwong trinh ma tran

Bii toan 1:  Tim ma tran X thoa man AX = B biét det(A) =0
Phuong phép: Do det(A) #0nén ton tai A™'. Nhan vao bén trai ca hai vé cua phuong trinh
véi A7, ta duoc:

A'(AX)=A'B=>1X=X=A"B doddo X=A'B.

Baitodn 2: Tim ma tran X thoa man XA = B biét det(A) =0

Twong tu nhu trén, nhan vao bén phai ca hai vé voi ma tran A™, dodé X=BA™.

I 2 35
Vidu Giai phuong trinh ma tréan: 3 4 X =

59
Gidi:
1 2 1 2Y" -2 1 -1 -1
<=3 %) oxo .35:3_1'35:
3 4 5 9 3 4 59 5 7 59 2 3
5 3 1 8 3 0
Vidu Giaiphuong trinhmatran: X.| 1 -3 -2 |/=|-5 9 0
5 2 1 2150
Gidi
5 3 1 8 3 05 3 1Y)
Vi|l -3 -2[=19#0 nenX=|-5 9 0| 1 -3 =2
-5 2 1 215 0/l-5 2 1
8 3 0 1 -1 -3 1 2 3
:—590.%910 11 o X=|456
2150 13 -25 —18 8 9
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4.4.3. Hang cua ma trdn
4.4.3.1 Dinh nghia:

Cho ma tran:

ap ap ay,
A= a) A4y ary
A L) Ay

Hang cia ma tran A la cAp cao nhit ciia_dinh thic con khic khong co mit trong A.

Ky hi€u hangcia Ala p(4).
Nhan xét :
Néu A codcdmxn thi

e p(4) <min(m,n)

e S&cod CXCF dinh thirc con cip k

Vidu : chomatran A, voi

I 3 2 4
A=|2 -2 0 -3
31 2 1

Nhuvay Acocd 3x4,doddo p(4) < min(3,4)=3

Xét cac ma tran vudng con cap 3 cua A :

I 3 2 I 3 4 1 2 4 3 2 4

2 -2 0=0, 2 -2 -3=0, 2 0 -3=0, -2 0 -3=0
3 1 2 3 1 1 3 2 1 I 2 1

>

Do dinh thirc cia chiing déu bang khong nén hang cia A khong thé bang 3 duoc,
do d6 ta xét dén cac ma trdn vudng con cap 2. S& ¢6 C;C; = 18 ma tran vudng con cép 2

13 302
=8, =4,.
‘2 —2‘ -2 0‘

> Thay rang c6 mot dinh thirc cia ma tran vudng con cdp 2 bang -8 ( khac khong), do
do p(4) =2.

Nhung thay rang khong thé tim hang ciia mot ma tran theo cach thirc nhu trén duoc,
vi nhur vay ta c6 thé phai di tinh mot s6 lwong dinh thirc kha 16n. Chinh vi vay ngudi ta
phai di tim mot phuong phap khac dé tinh hang ctia ma tran .

100
Bién soan : Vi Khic Biy — B¢ mén Toin PHLN




Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

4.4.3.2 Ma tran hinh thang

Trudc hét ta c6 khia niém vé hang khong va hang khac khong :

- Hang khong 13 hang c6 tat ca cac phan tir déu bang 0
- Hang khac khong 13 hang c6 it nhat mot phan tir khac 0
e Dinh nghia: Ma tran hinh thang 12 ma tran thoa man 2 tinh chét sau:

- Cac hang khac khong ludn & phia trén cac hang khong

- Phan tir khéc khong dau tién ¢ hang thir i (ké tir trai sang phai) phai 1 & cot thir i

Ma trén hinh thang c6 dang :

Vidu:
1 3 57
1 2 57
01 1 2
> A= 001 10 B=|{0 3 0 1| Iacac ma tran hinh thang
0 00O
0 00O
1 2 5 7 3 257
» C=|0 1 2 1 D=0 0 2 1 khong la ma tran hinh thang
0 2 1 0 4 3 1

e Hang cia ma tran hinh thang

Hang ctia ma tran hinh thang bang s6 hang khac khong ciia nd.

4.4.3.3 Phuwong phap tim hang cia ma tran.
Nhén xét: Cac phép bién doi so cap khong 1am thay d6i tinh bang khong hay khac khong
cua dinh thirc do d6 khong lam thay doi hang cua ma tran.Vi vay dé tim hang ciia ma tran
A ta lam nhu sau:

» Dung cac phép bién d6i so cép, dua ma tran A vé dang ma tran hinh thang.

> Khi d6 hang clia ma tran A s& bang hang ma trin hinh thang va bang s6 hang khac

khong ciia ma tran hinh thang.
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Vi du : Tim hang ctia ma trén :

12 5 -1 3]
23 -1 42
A=
47 9 21
-1 0 3 2 1
Cét1 | Cot2 | Cét3 | Coét4 | Cot b
Hang tha 1 1 2 5 -1 3
Hang tht 2 3 -1 4 2
Hang tht 3 4 7 9 1
Hang tht 4 -1 0 3 2 1
Cét1 | Cot 2 | Cot 3 | Cot 4 | Cot 5
Hang tha 1 1 2 5 -1 3
(-2)*hang 1 +hang 2 0 -1 -11 6 -4
(-4)*hang 1 +hang 3 0 -1 -11 6 -11
( 1)*hang 1+ hang 4 0 2 8 1 4
Cét1 | Cot 2 | Cot 3 | Cot 4 | Cot 5
Hang tha 1 1 2 5 -1 3
hang 2 0 -1 -11 -4
(-1)*hang 2 + hang 3 0 0 0 -7
( 2)*hang 2 + hang 4 0 -14 13 -4
Cét1 | Cot 2 | Cot 3 | Cot 4 | Cot 5
Hang tha 1 1 2 5 -1 3
hang 2 0 -1 -11 6 -4
hang 4 0 0 -14 13 -4
hang 3 0 0 0 -7
Cét1 | Cot2 | Cot 3 | Cot 5 | Cot 4
Hang tha 1 1 2 5 3 -1
hang 2 0 -1 -11 -4 6
hang 3 0 0 -14 -4 13
hang 4 0 0 0 -7 0
Két lugn: Hang ciia ma trin A bang 4
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4.5 Hé phwong trinh dai so tuyén tinh

4.5.1 Dinh nghia va cac dinh ly

4.5.1.1 Pinh nghia : H¢ m phuong trinh dai s6 tuyén tinh cia n an s6 c6 dang:
a,x, +a,x,+..+a x =b,

a,x,+a,x,+..+a,x =b, 0

a_x, +a_X,+..+a_x =b

m

Trong do

- Xj, Xy, ..., X, 1l cac an sO can tim
- a; 12 hé 6 cia phuong trinh thir i gén vidn x, (i=Lm, j=Ln).

- b, i=1,m, vé phai cia phuong trinh tht i.

11 12 In
- 21 a22 2n s 1N A A A o A
bat A= - A goi la ma trdgn hé so caa hé (1).
aml am2 amn
xl bl
Xy .1y P b, . X 1.
X=| |-goila matrgnan; B=| |- goila ma trdn vé phai
xn blﬂ
all a12 aln bl
— a a, .. a b
21 22 2 2 PR A A 5 A
A= [A|B] = ! - goi 1a ma tran bo sung cia hé (1).
_aml am2 b mn bm |

Bang phép nhan ma tran, hé phuong trinh (I) dugc viét & dang ma tran nhu sau:
AX =B (IT)
Dang (I1) goi 1a dang ma tran ciaa hé (1).
- NéuB=0 (trcla: b =0, Vi=lm ) thihé (II) goi la hé thudn nhdr. Néu co it
nhat mot b; # 0  thi hé (II) goi 1 hé khéng thuan nhat.
- Néu A 1a ma trén vudng (tirc s6 phuong trinh bang s6 4n) thi hé (I) va (II) goi 1a hé

vuong.
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- Nghiém cta hé (1) 1a mot bo gém n so thuc (X, X, ...,X,) sao cho thod man tat ca
cac phuong trinh cta hé.
Nhan xét:
> Hé thuan nhat AX = 0 1udn c6 nghiém khong: (xi, X,, ....X,) = (0, 0, ..., 0).
Nghiém nay goi 13 nghiém tam thuwong. Cac nghiém khac nghiém tam thuong goi
13 nghiém khéng tam thuong.
> Hé dang hinh thang: Hé AX = B goi 1a hé hinh thang néu A 1a ma tran hinh thang.

4.5.1.2 DPinhly (Kronecker - Capelli):
Didu kién cAn va dii ¢ hé phuong trinh AX = B co nghiém 1a p(A)=p(A)
2x,—x, +3x, —2x,=4
Vi du 1: Xét hé phuong trinh sau: < 4x, —2x, +5x, + x,=7.

2x,—x,+x,+8x, =3

Ma tran bo sung cua hé la:

2 -1 3 24
A=(A4B)=|4 -2 5 17
2 -1 183

Dung cac phép bién ddi so cap ma tran trén hang dua phan ma tran A vé dang hinh thang

(203 24 L (2013 24
A=|4 =2 5 1|7 L 2 2 /g 0 -1 5|-1
—h +h —h
2 -1 1 8|3 17373 lo 0o =2 10 -1
2 -1 3 -2 4
i oh oo o1 5| -1 |=(418))

00 0 0|1

Suyra: p(A)=2va A)=3. Theo dinh li trén, h¢ da cho v6 nghiém.
o)

4.5.1.3 Bién luian h¢ phwong trinh dai so tuyén tinh AX = B
a) Néu p(4) = p(A4) thi hé vé nghiém.
b) Néu p(4) = p(4) thi hé 3 nghiém:
» Néu p(4) = p(4) = n (sb an) thi hé c6 nghiém duy nhat.
= Néu p(4) = p(4) <n (sb 4n) thi hé c6 vé s6 nghiém.
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e Trudng hopnéu p(4) = p(4) = n (sd 4n) thi hé dua duoc vé dang hé vuong AX =B
v6i A 12 ma trin vudng cip n va det(A) = 0. Hé c6 tén 1a hé Cramer , c6 duy nhat
nghiém.

e Heé vuong thuan nhat AX = 0 c6 nghiém khong tim thuong khi va chi khi dinh thivc ma

trin hé s6 biang khong.

X, +2x, +ax, =2
Vi du : Cho h¢ phuong trinh § 2Xx, —x, + X, =1
3x, +x, +2x,=b
1) Hay xac dinh a , b dé hé c6 nghiém duy nhat
2) Hiy xacdinh a , b dé hé c¢6 vo s6 nghiém
3) Hiy xé4c dinh a, b dé hé vo nghiém

Dung cac phép bién doi trén hang ddi v6i 4

1 2 a2 1 2 a 2 1 2 a 2
A=|2 -1 1|1|>]0 -5 1-2al -3 —|0 =5 1-2a] -3
3 1 2/b 0 -5 2-3alb-6 0 0 l-a|b-3

Thiy ring hang A bang 3 hodc bang 2 :
> Néu hang A =3 thi hang A =3 =>hé c6 nghiém duy nhat & a # 1
> Néuhang A=2 & a=1
% khi d6 néu b =3 thihang A = hang 4 =2 <3 1a s 4n => hé vo sd
nghiém
< Néub # 3 thi hang A # hang 4 =>h¢ vo nghiém
Do dé:
1) Hé ¢6 nghiém duy nhat < p(A)= p(K) =3 <a=#l
2) Hé ¢6 vo sb nghiem < p(A)=p(A) <3
o p(Ad)=p(4d)=2<a=1vab=3

3) Hé vo nghiém < p(A)#p(A) < p(A)=2va p(A)=3 <a=1,b#3
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4.5.2 H¢ Cramer.
4.5.2.1 Dinh nghia:
Hé phuong trinh dai s6 tuyén tinh AX = B 123 mot hé vudng, thdéa man diéu kién

det(A) # 0 thi dugc goi la h¢ Cramer.

4.52.2 Tinh chit:
Hé Cramer AX = B luén c6 nghiém duy nhit xac dinh bai cong thirc X = A™ B.

4.5.2.3 Phuwong phap giii hé¢ Cramer (cé 3 phwong phap)

e Phwong phap Cramer:

Pinh li: (Cramer)
X]

. X
Hé CramerAX = B (A 1a ma tran vudng cap n) c6 nghiém: X = 2 | véi cac thanh

det(Ai) i _15
det(A) =

V6i A 1a ma tran c6 duge tir A bang cach thay cot thir i cia A béi cot ma tran vé phai B.

phan an x; dugc xac dinh béi cong thue: x; =

chi y : Phuong phap thuong sir dung dé giai cho hé 2 hodc 3 phuong trinh
X, +2x,—-x,=2

Vi du : Giai phuong trinh  <2x, —x, + X, =3
—2x, - 3x, +4x, =4

1 2 -1 2 2 -l
Cidetd=[2 -1 1|=-13 detd =3 -1 1|=-13
2 -3 4 4 -3 4
1 2 -1 1 2 2
detd, =[2 3 1|=-26 detd, =|2 -1 3|=-39
2 4 4 2 -3 4

Do d6 nghiém cta hé da cho la
det A tA tA
X, = © L=1, X2:de =2, x3:de =3
detA detA detA
Két luan: Nghiém cia phuong trinh 1a (x4, X5, x3) = (1, 2, 3)
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Vidu : Giai h¢ phuong trinh
X, —2x, +x,=4
2x,+x, —x;,=0

—-x, +x, +x;=—1

Loi giai.
1 -2 1 4 -2 1
4= 1 -1=7 4]=10 1 -1=7
-1 1 1 -1 1 1
1 4 1 1 -2 4
4,]=[2 0 —1=-7. 4l=12 1 0]=7
-1 -1 1 -1 1 -1
X —m—l X —@——1 X —@—1
B N ol

e Phwong phap dung ma trdn nghich dao.
- Xéthé Cramer AX =B. Vi detA # 0 nén A c6 ma tran nghich dao A™.
Do vaytr AX=B 5A'AX=A"B=>X=A"B
- Tim ma tran nghich dao A
- Thyc hién phép nhan: X = A™'B.
Vi du : Giai h¢ sau theo phuong phép ma tran nghich déo
X, +2x, +3x,=7

2x, +5x, +3x,=7

X, +8x, =19
Gidi:
1 2 3 X, 7]
Matranhésd: A=|2 5 3|;X= x, ;B=|7
I 0 8 X, 19 |
I 2
5 3 2 3 2 5
Tacodet(A)=A=|2 5 3|=1 - +3 =40-26—-15= =-1
0 8 I 8 1 0
I 0
==> det(A) #0
Vay h¢ da cho 1a hé Cramer.
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-Ta co
Ay =40; Ay =-16; Ay =9  Ap=-13; An=5
Az =3 Az =-5; Anz=2; Aszz=1
40 -13 -5 40 -16 -9
AT=|-16 5 2| = mattanphuhop A= |-13 5 3
9 3 1 -5 2 1
40 16 9 40 16 9| 7 3
vay A7l = L Aol 13 =5 3. = X=AB=| 13 -5 =3|| 7|1
det(A)
5 2 -1 5 2 -1(19] |2

e Giai hé Cramer AX = B bang phwong phap Gauss.
Thuc hién cac budc sau
Buée 1: Viét ma tran bo sung Z:[A|B] .
Buée 2: St dung cac phép bién d6i so cp #rén hang dé dua phan ma tran A vé dang
tam giac . Dén day ta dé dang biét duoc p(A) va p(Z) :
Khi d6 xdy ra cac truong hop:

- Néu p(A) # p(Z) thi két luan hé AX = B vo nghiém.

- Néu p(A)=p(Z)=n(S6§n) thi hé¢ da cho tuwong dwong vdéi hé tam giac:

A'X=B", tiép tuc ding cac phép bién ddi so cp #rén hang dua phan A’ vé dang

chéo ---> dang don vi, lic nay phan B’ s& 1a nghiém X.

Vi du 2: Giai hé sau bang phuong phap Gauss
2x,+ 4x,+ 3x,= 4
3x,+ X,- 2x,=-2
dx, + 11x, + Txy;= 7

KET QUA TINH TOAN
Giai hé phong trinh ( Theo Phong phap GAUSS )

X1 X2 X3 V& phai
Hang tha 1 2 4 3 4
Hang tha 2 3 1 -2 -2
Hang thd 3 4 11 7 7
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X 1 X 2 X3 V& Phai
Hang thi 1 2 4 3 4
(-3/2)*hang 1 + hang 2 0 5 13/ 2 -8
(-2)* hang 1 + hang 3 0 3 1 -1

X 1 X 2 X3 V& Phai
Hang th(r 1 2 4 3 4
Hang thir 2 0 5 13/ 2 -8

( 3/5) * hang 2 + hang 3 0 0 -29/ 10 29/ 5

X 1 X 2 X3 V& Phai
Hang th( 1 2 4 3 4
Hang th( 2 0 5 13/ 2 -8

Hang thi 3 0 0 -29/ 10 29/ 5

X 1 X 2 X3 V& Phai
(-3)* hang 3 + hang 1 2 4 0 2
( 13/2) * hang 3 + hang 2 0 5 0 5
( 10/-29) * hang 3 0 0 1 2

X 1 X 2 X3 V& Phai
(-4)* hang 2 + hang 1 2 0 0 2
( 1/-5) * hang 2 0 1 0 -1
( 10/-29) * hang 3 0 0 1 2

X 1 X 2 X3 V& Phai
( 1/2)*hang 1 1 0 0 1
( 1/-5) * hang 2 0 1 0 -1
( 10/-29) * hang 3 0 0 1 2

Vay nghiém cua hé 1a (x; , x,, x3) =(1, -1, 2)
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BAI TAP CHUONG 4
1) Tinh cac dinh thurc sau:
31 1 1 11 1 11 1 2
246 427 327
1 3 1 1 1 2 3 4 2 3
a) (1014 543 443| b) C) d)
I 1 3 1 13 6 10 3 4
=324 721 621
11 1 3 1 4 10 20 4 1
2) Tim ma tran X théaman AX = B, véi
I -1 1 1 I -1
A=-1 2 1 B=/1 0 2 2
2 3 1 1 -2 2 0
3) Tim ma tran nghich ddo cua cac ma tran sau :
1 3 -5 7
1 2 3
1 2 01 2 3
a) A= b)A=|0 1 2 c)A=
0 1 0 0 1 2
0 0 1
0 0 O 1

4) Tim ma tran nghich dao clia cdc ma tran sau bang phuong phap Gauss - Jordan:

Y 1 -1 2 1 1 2
a)A:3 1} b) A=|-1 1 c)A=|2 3 2
- |12 3 2 1 3 -1
0 A 1 2 ) A 2 3 f A 2 -3
= c = =
12 4 |14 -6 9
5) Tim hang ctia cic ma tran sau
1 3 5 -1
2 -1 3 2 4
2 -1 -3 4
a) A=(4 -2 5 1 7 b) A=
51 -1 7
2 -11 8 2
7 7 9 1

6) Giai cac hé phuong trinh dai s6 tuyén tinh sau :

2x,+ 3x,—x, = -6 X, + 2x, + 3x, =
a) <x,— 5x,+2x, = 19 b) ¢ 3x, - 4x,+ x, =
—4x, + x, - 3x, = -4 =5x, + 2x, — 3x, =
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CHUONG 5: HAM HAI BIEN
5.1 Ham hai bién
5.1.1 Tdp hop phing
5.1.1.1 Tich Pé-Cac R*
Tich Dé - cac R* (hay R x R) 1a tdp hop ma mdi phan tir ciia nd 1a mét cdp c6 thir
tw hai gid tri s6 thue x vay. Ki hiéu: R>={(x,»):x,y € R}.
Néu trong mit phang toa d6 vudng goc Oxy ta cd thé dong nhat mdi diém M(x, y) v6i mot
phan tir (x, y) trong R*. Khi d6 R* con goi 1a mit phang toa do Oxy.
5.1.1.2 Khai niém tip hop phing: Mdi tap hop con D trong R” duoc goi 1a mot tap hop
phang (hay mién phang). Tap hop phang D thuong dugc biéu dién qua hé thirc:
D= {(x,y) eR :p(x,y)< 0(< O),i = l,n}
tirc 1a mi diem M(x,y) € D sé& thoa man céc bat dang thire dang ¢, (x, y) <0(<0)
Vi du: 1)D= {(x,y) eR’:x*+y*< 1} - 1a mién trong dudng tron x* +y* =1

2) D={(x,y)eR*:x*+y* <1; y* <2x| (hinh5.1)

Hinh 5.1

5.1.1.3 Cac khai niém lién quan.
e Khoang cach giira hai diém: Cho diém M(xy, y;), N(x», y,) € R®
Khoang cach giita hai diém M, N ky hiéu 1a d(M,N) dugc xéac dinh béi cong thirc:
d(M,N)z \/(xl _x2)2 +( _y2)2

e §-lan cin diém: Gia sir 5 1a mot so duong. Ta goi & - 1an cén diém M (x,, yo) 1a tap

tat ca cac diém M(x, y) ctia R” thoa man khoang cach tir M dén diém M, nho hon §.

U,(M,)={M e R* :d(M(x,y),M,) < 5}

e Diém trong: Diém M, € D goi la diém trong ctia D néu ton tai myt & - 14n can cuia M,

nam hoan toan trong D.
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e Tap mé: Tap DeR? goi 1a tip md néu moi diém cua D déu 1a diém trong cia no.
Vidu: D = {(x,y)eR2 xP 4+ y? <R2};
D= {(x,y)eR2 X+2y <3, x7+)° <1}
Nhan xét : Tap mo s& 1a tap thoa man mot hay nhiéu bat dang thirc dang: @(x, y) <0
(tirc 1a khong c6 dau “= )
e Diém bién: Diém M, goi la diém bién ciia D néu moi lan cén cua M, déu chira nhiing
diém thudc D va nhing diém khong thudc D.
Nhién xét : Néu tap hop phang D ={(x,) € R* :¢ (x, ) <0} thi diém bién trén D 1a nhiing
diém thoa méan ¢(x, y) = 0.
Vi du:
D= {(x, Y)eR* 1y —x<0,x—y< 0} c¢6 cac diém bién M(x, y) thoa man:

yz—x=(), 0<x<lva x-y=0,0<x<1.

Y 4

B

Hinh 5.2
e Tap déng: Tap D chira moi diém bién cta n6 goi la tap dong.

e Tap bi chin: Tap D goi 1 bi chan néu ton tai mot hinh tron chira né.

5.1.2 Khdi niém ham hai bién
5.1.2.1. Pinh nghia: Cho mién D trong R*>. Néu tuong img mdi diém M(x,y)eD véi mot
gia tri duy nhit z € R theo mot quy luat f ,thi f dugc goi la ham s6 thuc cua hai bién x
va y xac dinh trén D . Ki hiéu: z = (X, y), D goi la tdp xéac dinh.

+) Néu ham f(x,y) khong n6i dén mién xac dinh thi ta phai hiéu tap xac dinh cia f (x,y
1a tap tat ca cac cip (x, y)e R? sao cho biéu thirc f(x, y) c6 nghia.

+) Tap gi tri ciia ham z = f(x, y) 12 tap tat ca cac z € R thoa man z = f(x, y) véi (X,y)
thudc tap xac dinh.
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Vidu: z=In(x>+y -1)cotipxac dinh 1aD = {(x, y): x> + y* >1}
Z= (ery)ln(x2 —y2) c6 tap xac dinh : (x, y) théa méin x* — y* > 0.

5.1.2.2. Biéu dién hinh hoc ciia ham hai bién

Trong hé toa do DPé-cac Oxyz, ham z = {(x, y) xdc dinh trén mién D. Nhu vay véi
mdi diém M(x,y) € D sé& cho twong ing duy nhat mot diém P(x,y,z) véi z = f(x, y). Khi M
chay trong D thi diém P di chuyén trong khong gian s& vach nén mot mat (S) ( thong
thuong 14 mat cong). Mit (S) dwoc goi 1a 6 thi ciia ham hai bién z = f(x, y).
Vi du: 1) z=x’+ y* la mit Paraboloit  (hinh 5.3)

2) z=+/x*+y’ lantamitnon. (hinh5.4)

Z4

Z=.Jx"+y

¥

Hinh 5.3 Hinh 5.4

5.2 Gi6i han va s lién tuc ciia ham hai bién

5.2.1. Gidi han ham hai bién

Cho ham sb z = f(x, y) xac dinh trong 1an cén diém My(xo,yo)( c6 thé khong xéac dinh tai
M,).Gia tri L goi 1a gidi han cia f(x,y) khi (x,y) = (Xo,¥o) néu:

¢ >0chotruécd § = 5(g) >0sao0cho: V (x,y) € Uy(M,) : |f(x,y)-L|<e

Ky hiéu: rlgr;) f(x,y)=L

Y=o

Vi du I: Ching minh: linll(2x +3y)=8.

y—>2
Chirng minh : Véividytréns€ c6 M=(1,2), L=8.

Ve >0 cho trude tuy y. Ta c6 danh gia sau:

|2x+3y—8|=|2(x—1)+3(y—2)|£2|x—1|+3|(y—2)|<2.§+3§:8 néu |x—1|<§, y—2|<§.
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Y o4

Hinh 5.5

2
Chon 6:2. Khi d6 V M(x,y) € U;(M,)ta co: dy,, <8:§<:>(x—1)2+(y—2)2 <(§J . Suy

ra: |x—1|<§,

y—2|<§. Do vay: |2x+3y—8|<8, VM(x,y)e U;(M,).

Vay 1in11(2x +3y)=8 (dpcm).

y—2

Vi du 2:Ching minh: lim—2— =0 C6 M= (0,0), L=0.

x—0 [ 2 2
_Yvao X +y

Ve > 0cho truge tuy y. Ta c6 danh gié sau:

w | by
Jxi+y? JxP+y?

Chon §=¢.Khi d6 V M(x,y) € Uy (M,)tacéd: d,, <d=e<x*+y’<e’=|x|<e. Do

<|x|<e néu lx|<e.

Xy )

Jxi+y?

Vay lim——2 = 0. (dpem)

Sovxi+y’
x+ 3y

Vi du 3: Chitrng minh rang khéong ton tai giéi han ling 5 .
X—> X —_ y
y—0

vay: <|x|<e.

Chung minh:
Chii y rang: qud trinh diém M(x, y) — My(xg, yo) thi x —Xy va y — y, déc ldp véi nhau.
Vi viy néu cho M(x,y) —M( xy,y,) theo hai hwong khdc nhau ma z = f(x, y) tién t6i hai

gid tri khdc nhau thi khong ton tai gidi han: lim f(x,y)

Y=

Cho x —0, y —0 theo huéng dudng thing y = x thi lim % =3

y=x—0 Zx —X
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Cho x —0, y —0 theo huéng dudng thang y = 3x thi lgm0 2x +93x =-10
y=3x—> X—23X

Vay giéi han ciia ham theo hai hudng khac nhau nén khong ton tai giéi han lim ; 3y .
x>0 )x — y

y—0

Chu y:
e Khainiém gi6i han vo cuc cling dugc dinh nghia twong ty nhu ddi v6i ham sé mot
bién.
e Céac tinh chat vé gidi han ctia ham hai bién duoc phét biéu twong tu cac tinh chét vé
giéi han ham mot bién.
e Néu ham f(x,y) 1a ham so cp cia hai bién x va y thi ham s6 ¢ gi6i han tai moi

diém ma n6 xac dinh va gidi han nay bang ding gia tri ciia ham tai diém do.

5.2.2 Sw lién tuc ciia ham hai bién
Cho ham s6 z = f(x, y) xac dinh tai diém M(xo,yo) va lan can diém Mo(xo,¥o). Ta néi ham

f(x, y) lién tuc tai M, néu lim f(x,v)=f(x5,¥,)

y—=>Yo
Khi dé diém M, goi la diém lién tuc cua ham s6. Nguoc lai ham s6 khong lién tuc tai di€m

M, thi M, la diém gian doan ctia ham so.

Chii y: Néu f(x, y) 1a ham s6 so cap clia hai bién x, y thi f(x, y) sé& lién tuc tai moi diém

thudc mién xac dinh cua né.

5.3 Dao ham va vi phan ham hai bién
5.3.1 Pao ham riéng cip 1.
5.3.1.1 Dinh nghia:
Gia sir ham sb z = f(x, y) xac dinh trén mién D. Diém M, (X,, Yo) € D.
e Cho x, s gia Ax khi d6 nhan duoc sb gia twong tng:

A= f(xo+AX, Yo) — T (X0, Yo )

Néu ton tai Ahm0 AA"f =L hiru han thi gi¢i han L duoc goi 1a dao ham riéng theo bién x cta
X —> X
ham z = f(x, y) tai diém M, (X,, Yo).
Ky hiéu: L = 7’(Xo, ¥o ), hay L =1",(Xo, Vo), hodc L= g—f(xo,yo).
X

115

Bién soan : Vi Khic Biy — B¢ mén Toin PHLN



Bai giang Toan cao cap - Dung cho cac nganh QTKD, Kinh té, Ké toan va QLDD

Vay 72’(Xo, Yo ) = lim At

Ax—>0 AX
e Tuong ty ta co dinh nghia dao ham riéng theo bién y ciia ham z = f(x, y) tai diém M,

(Xo» Yo)-

e , 0
Ky hiéu: 2’ (Xe, Yo )» £y(Xos Yo )s %(xo,yo).

A Av) —
Vay Z’y(XO, yo):AljglO A; - f(xoayo+ 2’3 f(XOaJ’o)

e Gia sir ham z = f(x, y) c6 dao ham riéng theo bién x va y tai moi (x, y) €D. Khi d6 cac
ham s 2’ (X, y), Z’x(X, y) ciing 1a cac ham 2 bién x4c dinh trén D va duogc goi la cac

dao ham riéng cap mot cia ham s6 z = f(x, y).

5.3.1.2 Quy tiic tinh dao ham riéng cip mjt :
Khi tinh dao ham riéng cdp mot cia ham hai bién (hay ham nhiéu bién) theo mot
bién nao do thi ta xem cac bién con lai 13 hang sé va sir dung céc cong thire, cac quy tic

tinh dao ham nhu cia ham mot bién d61 véi bién da chon.

e Vidu:
Tinh cac dao ham riéng cua cac ham so sau theo céc bién:

3x+2y 3) 7 X

\/§ :2x+3y

4) z= ln(x +yx*+y’ ) S)z= (3sin2x+5y)(4x+3” 6) z=x>+y’ +3x’y’

1) z=xv*sn» 2) z=Insin — e MVarctg(xy)

7)z = arcsin
x*+y’

Gidi:
1) Z=X3y+sin2y
’ U \ M A \ + A 7. v . 3y +sin2y-1
Tinh z : Xem y la hang so, x 1a bién, ta cd: z = (3y +2sin 2y).x

Tinh z,: Xem x la hang s0, y 14 bién, ta c6: z'y =(3 +2cos2y).x¥"*"* Inx

3x + 2y
Jy

- Tinh z_: Xem y la hang s0, x la bién, ta co:

2) z=Insin
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sin 3x+2y 3x+2y
;- \/_ _\/_ \/_ cotg3x+2y
x sin 3x +2y sin 3x+2y \/; \/§
Jy Jy

- Tinh z'y : Xem x 14 hang s6, y 13 bién, ta c6:

(sin 3x+2yj 3x+2y

s - y y _ 2\/7 \/> -3x 3X +2y
y
Sin3x+2y . 3X+2y 2\/7 f \/7

\/; S \/;

Hoan toan tuong tu cho cac vi du con lai

5.3.2 Dao ham riéng cip 2
5.3.2.1 Dinh nghia :
Cho ham s6 z = f(x, y) xac dinh trén mién D € R”.
Gia sir ham z = f(x, y) ¢6 cac dao ham riéng cép 1: £, f,” trén D.
Khi d6 néu £, f,” lai c6 cac dao ham riéng theo bién x va y thi cdc dao ham riéng nay dugc
goi 1a dao ham riéng cap 2 ctia ham sé z = f(x, y).
C6 4 dao ham riéng cap 2 ( duoc dinh nghia va co cac ky hiéu sau):
0 ( ¢ ) o of 0 f

—(f :——)— = —f : dao ham vudng

ox ) ox ox
a_ax( ,):g(af)_ 528fy
% (£)-2 & of

=f : dao ham chir nhét

= f):y : dao ham chir nhat

5 (0)=5,G)"

8}'8}'8}'”

=1, : dao ham vuong
y

5.3.2.2 Dinh Iy Schwarz: (diéu kién dé £, =1, hay két qud dao ham khong phu

thuoc vao thur tu lcfy dao ham. )

Xét ham z = f(x, y). Néu t6n tai mot 1an can cia diém M, (Xo, y,) dé ham sb z = f(x, y) ¢6
céc dao ham riéng cap 2 : foy”’, £y’ va néu cac dao ham riéng 4y lién tuc tai M, (Xo, Yo)
thi £, =1,

- Chii ¥ : Tat ca cac ham s xét trong chuong trinh hoc déu théa man dinh 1 trén.
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Vi du: Tinh cac dao ham riéng dén cap 2 ctua cac ham so:

1) z:(x2+y2)2 2) z=1n(x2+y2) 3) z=x" 4) z=¢" +cosx  5) z=arctg—
y

Gidi:
1) Céc dao ham riéng cap 1:

f;( = 2.2)(.()(2 +y2)= 4x* +axy* f; = 2.2y.(x2 +y2)= 4y* +4x%y

T d6 ta co:
£l,=(£) =(4x  +4xy*) =12x7 + 4y’ £,=(f)) =(4y’+4x’y) =8xy
£, =(£1), = (4 +4xy*) =8xy £,=(f,), =(4y' +4x%y) =12y +4x°
Nhan xét: £ = £,
2) Ta co:
f,:(X2+y2);_ 2x f,:(xzﬂ’z);_ 2y

X

X2 +y2 X2 +y2

. ! 2 2 2 2_X2 . !
¢ :[ 22X 2} o X +y ZX.x: (Y ) fxy:[ 2x j
X y

(xz+y2)2 (x2+y2)2

f;x:[ 2y j':_ 4xy f;x:[ 2y jvzz(;&—yz)

x> +y’

Nhan xét: f, =f .

- Hoan toan tuong tu cho cac vi du con lai.

Nhu vy : néu f(x, y) la ham so cap ciia cac bién ta luén co két qua f,, = f,, tirc la dao

ham riéng cdc cdp ciia f{x, y) sé khéng phu thude vao thir tw ldy dao ham.

5.3.3 Vi phén toan phan va irng dung.

5.3.3.1 Dinh nghia:

Gia sir ham s6 z = f(x, y) xac dinh trén mién D. Diém M, (X, yo) €D.

Cho X, s6 gia Ax, yo s gia Ay. Khi d6 nhan dugc sb gia ctia ham sé:
Af = f(xg +AX, yo TAyY) — f (X0, Yo)

Néu Af co thé biéu dién duoc dudi dang:

Af= AAx + BAy +0ou(p) véi p=+/AX’ + Ay’
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trong d6 A, B 1 hang s6 chi phu thudc xo, Yo va o (p) 14 VCB cép cao hon p khi p—0 thi
biéu thirc A Ax +BAy goi 1a vi phén toan phin cia z = f(x, y) tai diém M, (X, o)
va ham z=f(x, y) duoc goi la khd vi tai M,, (X,, o)
Ky hi¢u: df = A Ax + BAy
Vidu :
Xét tinh kha vi ciia ham s z = xy tai diém M(1, 2)
Giai : Az = f(x( TAX, yo TAy) — f (X0, Yo)

=(1+Ax)(2+4y)-2
=2Ax+ Ay + AxAy

Chon A=2, B=1, a(p)= AxAy ¢6 lim X2 _0 => ¢/(p)la VCB cfp cao

0 \/(Ax) +(Ay)
hon p khi p—0
Vay z=xy kha vitai M(1, 2) va df = 2Ax +Ay

5.3.3.2 Dinhli

e Néuz= f(x, y) kha vi tait M(x,, y,) thi tai d6 tdn tai cac dao ham riéng f/(x,,y,),
f1(x0yo) VA df= f1(x0,¥)AX T £1(X,,y,)AY.

e Nguoc lai néu f(x,y) co cac dao ham riéng f)(x,y) va f)(x,y) li€n tuc tai My(Xo,¥o) thi

f(x,y) kha vi tai My(xo,Y0)

f
Xét z=xvaz=ytacod:dx=Ax,dy=Ay. Vaydf= 2—(X0,y0)dx+ S—f(xo,yo)dy
X y

df = f/(x,,y,)dx+ f(x,,y,)dy

dugc goi 1a biéu thire vi phan toan phin cia z=1f(x,y)

Vi du : Tim biéu thirc vi phan toan phan cia :
z=Xy =dz=ydx+xdy
z =3cosxy = dz=-3ysinxydx-3x sinxydy
z=2x’cosy + %

z = (x + cosy)’™
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5.3.3.3 Ung dung vi phan toan phin tinh gan ding
Gia st ham s6 z = f(x, y) kha vi tai (Xo, Yo) va £’ (X0, Y0), f,’(Xo, Yo) khong dong thoi
bang 0.
Ta co: Az = f(x( +AX, yo +Ay) — £ (X¢, Yo) = f’Ax + £’Ay + « (p)
v6i p=+AX® + Ay’
Néu Ax, Ay kha bé thi
f(xo tAX, yo TAy) — f (X0, Yo) = £’ (X0, Yo)AX + £”(Xo, Yo)Ay = df
Suy ra:

f(xO +AX,y, +Ay)z f(xo,y0)+f'x (Xo,yo).Ax+f'y(x0,y0).Ay

Cong thire trén goi 1a cong thirc tinh gan dung nho vi phéan toan phan.
Nhu vay, véi x = x,+Ax ,y= y, +Ay thi gia tri cia ham f(x,y) tai diém M(x, y) - kha
gin  My(Xo, yo) — & duoc tinh thong qua céac gia tri cia ham s6 va cac dao ham riéng f,’

va £, tai My

Vi du: Tinh gan dung; A = (1,05
Gidi :
- Chon f(x, y) = X%, x;=1, y, = 3 suy ra Ax=0,05; Ay=-0,04
Vay A=1(1+0,05,3-0,04).
- f(L3) =1, fi=yx*, fi=x"Inx= £,(1,3)=3, /,(1,3)=0
- Ap dung cong thirc tinh gan dung :
A=f(L3)+ f(L3)Ax+ £,(1,3)Ay
~1+3.0,05-0.0,04 '
~1,15
Pé dp dung vi phén vdo tinh gan ding ta can chil y:
e Chon dang biéu thirc ham s6 f(x,y)
e Chon diém My(X,, ¥o) sao cho gié tri ciia ham va cac dao ham riéng ctia no tai diém
M, c6 thé tinh dugc thuan loi. Tir d6 x4c dinh sb gia cua cac dbi sd: Ax, Ay
e Ap dung cong thic tinh gan dung:

f(xO +AX,y, +Ay)z f(xo,y0)+f'x (Xo,yo).Ax+f'y(x0,y0).Ay
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Vidu

Tinh arctg ﬁ—1
1,02

Gidi :

b

- Chon ham sé6 : Ta nhan xét rang arctg{ L —lj la gia tri cia ham

b

Z=1fix,y) = arctg[i—1j tai diém M(1,97 ; 1,02).
y

-Chon diém M,(2, 1) khi 46
Ax= 1,97 -2=-0,03 Ay=1,02-1=0,02
-Tinh

1

£ (M, )=f, (2=1)=m=

X

0,5 ; f,=f(21)=-1 ; f(MO)zf(2,1)=arctgl=§

y y
-Ap dung cong thirc tinh gan diing

arctg {%—1} =f(M,) =f(M,) +£,(M,).Ax+£, (M, ).Ay

b

= Tc/4+(0,5).(—0,03)+1.(0,02)
~0,75

Bai tap tuong tu :

3)4/(1,02)° +(3,97)° , chon f(x, y) = X’ +y°.,x, =1Ly, =4,Ax =0,02, Ay =—0,03.

4) sin62° arctg1,02, chon f(x, y) = sinx.arctgy, x,=n/3,y, =1, Ax =m/90, Ay =0,02

5) In(3/1,02 +4/0,92 — 1), chon fix, y) = In(Vx +3y —1), x, =Ly, =1,Ax = 0,02, Ay =—0,08

5.4 Cuyec tri ciia ham hai bién
5.4.1 Dinh nghia diém cwc tri.
Cho ham hai bién z = f( x, y) x4c dinh trong mién D. M( X, yo) 1a mot diém trong

cua D.
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e Ham z=1(x,y) goi la dat cwe dai (CP) tai M, néu ton tai mot 1an can U cla
M, sao cho f( X, ) < f( Xo, o) V6i V (%, y )eU. Piém M, goi la diém cuc dai
ctahamz=1(x,y).

e Ham z=f(x,y) goi la dat cuwe tiéu (CT) tai M, néu ton tai mot lan can U cua
M, sao cho f( x, y) > f( o, Yo) v6i V (X, y) €U. Biém M, goi la diém cuc tiéu
ctahamz=1(x,y).

e Ham z=f( x, y) dat cuc dai hay cuc tiéu tai M, goi 1a ham dat cwe tri tai M,

biém cuc dai hay cuc tiéu goi chung 1a diém cuc tri.

5.4.2 Pinh li 1( Pidu kién cin cia cuec tri).

Néu ham s6 z = f(x, y ) dat cwe tri tai M, va tai M, ton tai cic dao ham riéng hitu han
thi cdc dao ham riéng dy bi trigt tiéu, ticc la: £.’(M,) = Sy’ (M) = 0.
Nhan xét:

Tur dinh 1y nay ta thdy dé xét cuc tri chi can xét tai nhitng diém dao ham riéng bi triét tiéu

va nhimg diém khong ton tai dao ham. Nhiing diém d6 goi chung 12 diém téi han hay

diém dirng cua ham so.

5.4.3 Pinhli 2 (Piéu kién du cia cwe tri).
Gia sir ham z = f( x, y ) xac dinh trong mién D, My( X, ¥o) 12 mot diém trong cua D.
Néu ham z = f( x, y ) ¢6 dao ham riéng lién tuc dén cip hai trong 1an can cia M, va
£’ (My) = £;°(My) = 0 thi:
Dit £, °(My) = A; £,”(Mo) =B ; £,”(Mg)=C, Khi do:

B°-AC | A Két luan vé diém M,

- M, la diém cwe dai

+ M, la diém cwc tiéu

+ M, khong la diém cuc trj

0 Chura két luan dugc vé diém M,. Diém M, goi 1a diém nghi ngo.

5.4.4 Qui tic tim cuec tri dia phwong

Quy tic tim cwe tri

Budc 1: Tinh z,” ; z,’, Tinh z,,’=A, z,,’= B, z,,/’=C, A= B*-AC
Budc 2:Tim diém téi han hay diém ding :
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=0
Giai h¢ {Zx' 0 buogc cac nghiém M;( x;, y;)
zZ =

y
Bude 3 : Tai mdi diém M, tinh céc gia tri :

7o (M) = A;; 2, (M) = B; 7, (M) = C;, A; = B~ AC; va két lugn vé
diém M; dwa vao dinh 1i 2.

Chii y: trong trudong hop c6 nhiéu diém ding thi ta c6 thé 1ap bang nhu sau:

Pi¢m A B C B*- AC | Két luan vé M,

M; (xi, i) A Bi G B — AG;

Vi du: Tim cuyec tri dia phwong cia cac ham so sau:

1) z=x+y—xe’ 2) z=x’+y —3xy

3) z=x+3xy’ =30x —18y +1 4) z=x"+2y" —14x* —y* +24x +1
5) z=x"-8xy+4y’ +10y+1 6) z=2y’ —3xy’ +2x’ +3x’

7) z=x" -2y  +3xy+x—Ty+1 8) z=x’+y’ —2xy+x-2y—4

Giai:

) z=x+y—-xe’

=>z' =1-¢'; 2, =1-xe'; z,=0=A, z,=—¢"=B, z =-xe'=C
oA 2=l =0y =0 Al 1x A oAl aiR |
-Giai hé: ' . Vay ham s6 c6 mdt diém dung M(1, 0).
z', =l-xe’ =0=>x=1

“Tinh A=0,B=-1,C=-1, A=1>0. Vay M(1, 0) khong 1a diém cuc tri.

2) z=x"+y —3xy
! 2 . ' 2 .
z, =3x"-3y; z,=3y" -3x ;

Z;x=6X=A; Z;y:—?):B; Z;y=6y=c’ BZ—AC:9_36XY

o |z =3 =3y =0
-Giai hé: <

ta duoc hai diém dimg M, (0, 0); My(1, 1).
z, = 3" -3x=0
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-Lap bang:

. B’ -AC .
biem A = 6x Keét luan
(9-36xy)

M khéng 13 diém cuc
M, (0, 0) 0 9 .
tr1.

M, 1a diém cuc tiéu va
M,(1, 1) 6>0 9-36.36<0

Zer =1

Két luan: Vay ham sO dat cuc tiéu tai My(1, 1) va z., =-1.
3) z=x"+3xy’-30x-18y+1
z, =3x*+3y’ -30; z,=6xy-18

7, =6x=A;z, =6y =Bz, =6x=C; B’ ~AC=36(y*-x*)

- =3x%+3y*-30=0 242 =
Gigihe: {70 Y oy =10
z,=6xy—-18=0 xy=3
Ham s6 ¢6 4 diém dimg M;(1, 3); My(3, 1); Ms(-1,-3);  M,(-3, -1).
Lap bang:
M;(1, 3) 6>0 + M, khong la diém cyc tri

M, 1a diém cwe tiéu va
M,3,1) | 18>0 - .
Zop =—

Ccr

-6<0 + Khong dat cuc tri
M;(-1, -3)

M, 1a diém cwe dai va
My(-3,-1) | -18<0 -
Zcp— 73

Két luan: Vay ham s dat cuc tiéu tai diém My(3, 1) va dat cuc dai tai My(-3, -1).

- Cach 1am tuwong tu cho cac phéan con lai.
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5.5 Phuwong phap binh phwong bé nhit ( toi thiéu)

Trong khoa hoc ki thuat, ta thudng gap bai toan: tim mdi lién hé giira hai dai lugng
bién thién x va y. Mdi quan hé d6 duoc biéu dién dudi dang ham sb thong qua mot loat cac
thi nghiém do dac. Ham s6 d6 goi 1a ham thic nghiém.
chang han : mdi lién hé giira chiéu cao h va tudi clia cdy, hay la mdi lién hé giira thé tich
cua cay véi duong kinh than cay khi ciy ¢ dg cao 1,3 mét.

C6 nhiéu phuong phap xay dung ham ham sé tir cac s6 liéu thuc nghiém va mot trong

cac phuong phap d6 1a phwong phdp binh phwong bé nhit.

5.5.1 Noi dung phwong phap binh phwong bé nhit
5.5.1.1 Bai toan:

Hai dai luong x, y qua thuc nghiém c6 méi quan hé s theo bang:

X X1 X2 D, G S Xn

y yi Y2 V3 e, Ya

Gia sir vé mat li thuyét, x va y c6 mdi quan hé dang y = F(x), trong d6 quy luat F ta chua
duogc biét cu thé. Ta biét rang, néu F(x) c6 dao ham dén bac n tai x thi 6 thé xdp xi F(x)
bang mot da thirc dang Tay — lo hodc Méc- lo —ranh :

F(x) = f(x)= ay +ax+ax + ..Tax"

hozc ¢6 thé xdp xi f(x) bang mot tong co dang chudi Fourier :

F(x) = f(x)= ap +ajcosx + b;sinx + a,cos2 x + b,sin2x + ...+ a,cosnx + bysinnx
Nhu vay trong cac dang xép xi trén ham f(x) c6 chura cac tham sba;,ay,...b;,by,..chua
biét

Dit & =f(x,)—y, goilado léch giita diém 1i thuyét Nj(x;, f(x;)) va diém thuc
nghiém Mj(xi, yi).

n

Thiétlép U=(f(xl)—y1)2+(f(x2)—y2)2+....+(f(xn)—yn)2= (f(xi)—yi)2 -1

i=1

U duoc goi 1a tong binh phuong cac do 1éch.

Yéu cau dit ra: xdc dinh cdc tham sé trong y = f(x) sao cho tong binh phwong cdc dj

léch U la nhé nhit.

Ta c6 thé mo ta phuong phap trén bang cach sau:
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Trong mit phang Oxy, ¢ cac diém thyc nghiém M(x;, y;)

Y oA
?— L] *
TER N e
| —e V=
¥i fo---4- &
e/ 1 DMilxi,vi)
0 i x
%, -
Hinh 5.6

Can xac dinh céc hé sb trong f(x) dé cho tong binh phuong khoang cach tir cac diém thuc
nghiém M(x; , y; ) dén duong cong y = f(x) 1a nho nhat , véi diéu kién nay ta cé thé thay
bang tong binh phuwong cac d6 léch tung dd gitta ham f(x) 1y thuyét va thuc nghiém tai

cac diém M(x; , y; ) 1a nho nhat.
Phuong phap tim ham thyc nghiém nhu trén goi 1a phuong phép binh phuong bé nhat.

5.5.1.2 Phuwong phap binh phwong bé nhat
e Da thirc suy rong - ndi dung ciia phwong phap binh phwong bé nhit
Cho hé¢ ham s6 {@1(X), @2(X), ..., Pm(X) } trong d6 cac ham sd ¢ (x) di dugc biét.
Ham ¢ _(x) = Zai(pi(x) duogc goi la da thuc suy rong trén hé ham co s&
i=1

{e®)} . k=1m

Hai dai luong x, y qua thuc nghiém c6 méi quan hé s theo bang:

X X1 X2 X3 ceeiiinennnnn Xn

y Y1 Y2 V3 cieniininnns VYn

Thay cac gia tri x; vao cac ham o (x) thi ta dugc cac véc to ¢, (X) :

¢, (x) = (01(X1), P1(X2), P1(X3) 5 veees @ 1(Xn) )
P,(x) = (92(X1), P2(X2) , P2(X3) 5 oy P2(Xn)) (5.2)
(T)m(x) = ((Pm(xl) s (Pm(XZ) 5 (Pm(x3) 9 ceeees 5 (Pm(xn))
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Theo (5.1) thi can x4c dinh cac a, dé cho

n m 2
U = Z[Yi _zakq’k(xi)) — min (5.3)
i=l k=1
thay (5.2) vao (5.3) va do a, phdi thoa man hé cac phuong trinh
a _
0a,
o,
0a,
Y _ (54)
oa,
Y _
oa_
hay la phuong trinh  B.A=C, véi . . .
C a y
b, b, ... b, cl al yl
b, b, ... b ? : 2
}3=(brs)= :21 :22 : ?m ) C= . ; A= . ng g/:
b, b, .. b,
_Cm_ _am_ _Yn

trong d6 b, =(9,,6,)=>.0.(x)0,(x,) , ¢, =(7.9,) =D y.0.(x))
i=l i=1

(ky hiéu ($,,¢,) la tich vo hwong ciia haivécto §. va @, )
Nhu vay viéc xac dinh cac a, duge dua vé gidi mot hé phuong trinh dai s6 tuyén tinh véi

ma trdn h¢ s6 1a B — 1a m0t ma trn do1 ximg , va vé phai 1a C

Trong thuc té nguoi ta thuong sir dung hé ham { ¢ (x)} 1a céc da thirc dai s0, tirc 1 :
{0} ={1,x,x% x>, ...., x9, khi 6 f(x) = a, + a,X + a,x>+ ...+ a,x™ v[] cac hé s6 a, s&

la nghiém cua h¢ :

a,n +alixi +azznle+....+amzn:)(§“ =Zn:yi
i=1 i=1 i=1 i=1
aozn:XiJralZn:xf
i=1 i=1

aOZXieraleim”%r +aman:Xfm =an:ximyi
i= i=

+

c m+l c
+am§Xi = ;Xiyi (5.6)
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5.5.1.3 Cac truong hop cu thé

o f(x)= a, + ax

Truong hop nay, trong cong thirc (5.6) tng vé1 m =1 va @,(x) = 1; ¢,(X) =x

an

n
0 + alZXi
=
n n
a,) X, +a,) X;
i=1 i=1

Z Yi
i=1
PR A2

i=1

(5.7)

Khi d6 dwong thing y = a, + a;x tim dwoc 13 dwong thang tot nhit theo phwong phap

binh phwong t6i thiéu

Vi du I: Gia st y = ay + a;x . Hiy xéc dinh a va b theo phuong phap binh phuong bé nhat

biét két qua thuc nghiém duge cho trong bang sau:

X -2 0 1 2 5
y | 05 1 1,5 2 3
Giai: n=5.
Pé xac dinh hé trén, ta 1ap bang sau:
1 X; Vi x X,
1 -2 0,5 4 -1
2 0 1 0 0
3 1 1,5 1 1,5
4 2 2 4 4
5 5 3 25 15
Tong 6 8 34 19,5
Veytacobe {650312461: _ 19,2 T 13% o ;_698
Do d6 ham thyc nghiém can tim 1a y = 29_698 X+ E—i .
Vi du 2: Cau hoi tuong tr v6i bang sb sau:
X -1 0 1 2 3 4
y 1 1 2 1 2 3
Gidi: n=6.
Lap bang
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1 X; N x,} XY,
1 -1 1 1 -1
2 0 1 0 0
3 1 2 1 2
4 2 1 4 2
5 3 2 9 6
6 4 3 16 12
Tong 9 10 31 21
i
105
o f(x)=aj+ax+ azx2
Truong hop naytacd ¢ (x)=1; @,(X)=x, @3(X)=x"
Lap bang:
TT X | 01 | 92x) | 93(x) y
() | 0 |G| XXy | oxy | Xy
1 X1 1 X X X X! Y X1Y1 X1y,
2 X, 1 X3 X X’ X3 ¥2 X2¥2 X3,
n Xn 1 Xn X; X x! Yn XnYn X2y,
tong n Zn:‘Xi an:X2i an:X3i Zn:,X41 an‘,yi 2XiYi 2X21Y1

Giai hé phuong trinh sau dé xac dinh a, , a; , a,

a,n + alznlxi + azixzi
) 1:1n i=1 )
aOZXi+aIZX2i+a22X3i =
nl:l 1:nl 1::1
aOZXzi + EIIZX3i + asz4i
i=1 i=1 i=1

Z Yi

i=1
DXy,
i=1
Zn’,xziyi
i=1
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Vidu :
Xéc dinh ham sb dang y=f(x) =ay + a;x +a,x theo phuwong phap binh phuong bé nhit

dua theo sb ligu thuc nghiém sau :

X 1 3 6 7 8 13
y 1 10 52 80 100 300
Lap bang
T 1 X 'S X’ x* y X.y Xy
1 1 1 1 1 1 1 1 1
2 1 3 9 27 81 10 30 90
3 1 6 36 216 1296 52 312 1872
4 1 7 49 343 2401 80 560 3920
5 1 8 64 512 4096 100 800 6400
6 1 13 169 2197 | 28561 300 3900 | 50700
Tong 6 38 328 3296 | 36436 543 5603 | 62983
Gidi hé :
6a; + 38a; +328 a, = 543 Tinh duoc ag = 3,292
38ap + 328a; +3296a, = 5603 a; = -4,08
328ay + 3296 a; + 36436 a, = 62983 a = 2,07

Vay quan hé gifta x va ytheo dang y=3,292 - 4,08x +2,07.x°

Nhan xét

e Phuong phap binh phuong bé nhat ap dung dugc khi dai lvong y biéu dién tuyén

k
tinh qua dai luong x dang: y=>»a,¢,(x), vi ¢,(x)1a cac ham s6 da cho.
i=1

Vi du cac dang nhu :
y=ax’ +bx
y=ax’+b
y=ax’ +bx+c
y =asinx + bcosx +

Khi d6 viéc tim cac hé sb a; theo phuwong phap binh phurong bé nhit s& luén dan vé mot hé
phuong trinh dai s6 tuyén tinh v6i cac an a;. Hé nay 1a mot hé Cramer nén ludn c6 duy nhét
nghiém.

e Mot s6 dang quan hé c6 thé dua vé dang tuyén tinh dé ap dung duoc phuong phap
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binh phuong bé nhit.
> y=ax” = Iny=alnx+Ina. PitY =Iny, X=Inx, B=Ina => dua vé
dang Y=0aX+B
> y=ae ™ duavédang Y=AX+B trongddY=Iny, X=x, A=-b,
B =Ina...
Vi du 3: ( sinh vién tu giai)
Gia str y = ax’ + b. Hiy lap hé phuong trinh x4c dinh a va b theo phuong phap binh
phuong bé nhit va x4c dinh a, b biét két qua thuc nghiém duogc cho trong bang sau:
X 1 2 3 4 5
y 1.3 9.8 251 455 73.2

Vidu 4: (sinh vién ty gidi)
Gia sir y = ax” + bx. Hiy lap hé phuong trinh xac dinh a va b theo phuong phap binh

phuong bé nhit va x4c dinh a, b biét két qua thuc nghiém duogc cho trong bang sau:

x |2 -1 0 1 2 3
y |65 0,5 0,2 3,5 9,5 21,1
Bai tap twong tu:
1) y =ax + b vo1 bang
X -1 1 2 3 4 5
y 7.7 2.3 6.8 12.5 17.1 21.9
, 14b =2
Pap sb: he {04140 =239  raa=4.95b =274,
14a+6b=52.9
2)  y=ax’+b voibang
X -1 0 1 2 2 3
Y 5.1 2.5 4.5 13.8 14.2 29.5
BS: hé: 115a+19b=387.1_ [a~3.04
192 +6b = 69.6 b~1.97
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3)  y=ax’+bx véibang

X 1 -2 3 -1 5 6
Y -1.8 15.5 6.3 6.2 29.5 47.7
pS: hé: 202021+3>60b=2577.83 a~1.965

360a+76b=413.6 b~ -3.86

BAI TAP CHUONG 5 : HAM HAI BIEN

Bai 1: Tim mién xac dinh va biéu dién chung 1én mat phiang Oxy.

1-x? . y-—1 1 1 1 1
1) z= 2) z=arcsin—— yz=—r——— A z=—F—t—+—=—
) z al_y? ) X ) R2_x2—y ) Jx \/; Xy
5)z= ! + ! 6) Z=\/4—x2—y2 +\/x2+y2—1 7) z=Inxy
\/x+y \/x—y

8) z=\/xz+y2—l+;2

2x—x*—y
Bai 2: Biéu dién cdc mién phang sau 1én mit phang toa d6 Oxy :

1) Dz{(x,y):Oéxél,x2 SyS\/;} 2) Dz{(x,y):OéxSl,—\/2x—x2 Syél}

3) D={ ,Y :1Sx£2,2x§y§2x+3} 4) D={(X,y):0§XS2,\/2x—X2 Syﬁx/g}

(xy)
5) D={(X,y):0SXS1,X2§yS2X} 6) D={(x,y):x2+y2 <2ax, X’ +y’ Za2}
7) D={(x,y):x2+y2£2x, X2+y2£2y}

Bai 3: Tinh cac dao ham riéng ctia cac ham so sau theo cac bién:

3 3
1)z=X2er 2) z=In(x +/x* +y°) 3)z:arctg§ 4) z=x’

x> +y’
5) z=(1+xy)y 6) szxy 7) z=x2y+3y4xz+e(" +3y) 8) u:\/m
9) z=(2x+3sinxy)e(3“2” 10) zzln(sinXTJraj 11) Z:(X+Siny)(c3*+1nxy)
y

3 x
X er—e".arctgy 14) z=tg(x+y).e* 15) z=xy.In(xy)
y+X

12) z=a" ) 43y 42

Y 17) z=arcsin 18) z :(x+2y)y3 (x>0)

X
x+2y [x?y?
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Bai 4: Tinh cac dao ham riéng cap hai cua cac ham so sau:

1)z=%\/(xz+y2)3 2) z=In(x+yx* +y") 3) z==—

X+y
1 2 2)2 x—y?
4) z2=—— 5)2:(x +y) 6) z=¢*"" +cos(x+3y)
X’ +y?
+
7) z:ln(x2+y2) 8) z=4/x>+y> ™Y 9) z=arctg)1( Y
_Xy

Bai 5: Tim vi phan toan phéan cua cac ham so sau:

xty

1) z:sin(x2+y2) 2) z=¢"(cosy+xsiny) 3) z:lntgZ 4) z =arctg
X X-y

Bai 7: Tinh gan dung gia tri cdc biéu thic sau:

1) In(3/1,03+4/0,98 —1) 2) (1,04)>" 3) \/5."% +(2,03)

1,97 1,99

4) 3(1,02)" +(0,05)’ 5) arctg| -1 6) (1,04)"” +1n(1,02
) (102) (0,09 ) artg[ 1271 ) (1047
Bai 8: Tim cuc tri dia phuong cta cac ham hai bién sau:

Dz=4x-y)-x -y 2)z=xX+xy+y +x—y+1

3)z=x +y-—xe’ 4yz=2x"+y*—x*-2y

5) z=x’+3y’x —15x - 12y 6) z=x"+y’ —9xy+20

7) z=2y’ —4xy+2x’ -2x 8) z=x’+3y’x —39x - 36y

9) z=x"+y’ -3xy 10) Z=X4+y4—2(x—y)2+5

11) z=3y’ + 4x’y+24xy+1 12) z=x>+8x+y’ +13y —8xy +9

2

13) z= x*+ y* —=2x* + 4xy - 2 14) z=1+6x—x"—xy—-y’
y y y

15) z=x’y*(6-x—-y),x >0,y >0 16) z=x"y—xy+y’

Bai 8:
Hai dai luong X, y c6 moi quan hé bac nhét véi nhau y = ax + b va c6 bang gia tri twong

ung sau:

Xéc dinh gia tri a, b theo phwong phap binh phurong bé nhat.
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Bai 9: Cau hoi twong ty bai 8 voi bang sd
X ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5
y ‘ 2.9 ‘ 6.1 ‘ 9.2 ‘ 11.8 ‘ 16

Bai 10: Hai dai luong x, y c6 mdi quan hé bac hai véi nhau y = ax” + b va c¢6 bang gié tri

tuong Ung sau:

Xéc dinh gia tri a, b theo phwong phap binh phurong bé nhat.

Bai 11: Hai dai luong x, y c6 mdi quan hé bac hai véi nhau y = ax” + bx + ¢ va c6 bang gia
tri trong Ung sau:

X ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5

y ‘ 2.9 ‘ 8.9 ‘ 19.1 ‘ 33.2 ‘ 50.8

Xéc dinh gia tri a, b theo phwong phap binh phurong bé nhat.

Bai 12: Hai dai luong x, y c6 mdi quan hé bac hai véi nhau y = ax” + bx va ¢6 bang gia tri

tuong Uing sau:

y ‘ 4,9 ‘ 16,5 ‘ 33 ‘55,5‘ 84 ‘ 119

Xéc dinh gia tri a, b theo phwong phap binh phurong bé nhat.
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